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Abstract: In the present paper, degeneration phenomena in conformal field 
theories are studied. For this purpose, a notion of convergent sequences of CFTs 
is introduced. Properties of the resulting limit structure are used to associate 
geometric degenerations to degenerating sequences of CFTs, which, as familiar 
from large volume limits of non-linear sigma models, can be regarded as com- 
mutative degenerations of the corresponding "quantum geometries" . 

As an application, the large level limit of the A-series of unitary Virasoro min- 
imal models is investigated in detail. In particular, its geometric interpretation 
is determined. 



Introduction 

Limits and degenerations of conformal field theories (CFTs) have occurred in 
various ways in the context of compactifications of moduli spaces of CFTs, in 
particular in connection with string theory. For example, zero curvature or large 
volume limits of CFTs that correspond to sigma models are known to give bound- 
ary points of the respective moduli spaces |A-G-MIIMoj . These limits provide the 
connection between string theory and classical geometry which for instance is 
used in the study of D-branes. In the Strominger/Yau/Zaslow mirror construc- 
tion V- WllS-Y-ZIIGrj ■ boundary points play a prominent role. In fact, Kontsevich 
and Soibelman have proposed a mirror construction on the basis of the Stro- 
minger/Yau/Zaslow conjecture which relies on the structure of the boundary of 
certain CFT moduli spaces |K-Sj . 

All the examples mentioned above feature interesting degeneration phenom- 
ena. Namely, subspaces of the Hilbert space which are confined to be finite di- 
mensional for a well-defined CFT achieve infinite dimensions in the limit. In fact, 
such degenerations are expected if the limit is formulated in terms of non-linear 
sigma models, where at large volume, the algebra of low energy observables is 
expected to yield a non-commutative deformation of an algebra A°^' of functions 
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on the target space. The algebra of observables whose energy converges to zero 
then reduces to A°° at infinite volume. An entire non-commutative geometry 
can be extracted from the underlying CFT, which approaches the target space 
geometry in the limit |F-G| . By construction, this formulation should encode 
geometry in terms of Connes' spectral triples |('olll('o2ll('o3j . 

By the above, degeneration phenomena are crucial in order to single out an 
algebra which encodes geometry in CFTs. An intrinsic understanding of limiting 
processes in CFT language is therefore desirable. This will also be necessary in 
order to take advantage of the geometric tools mentioned before, away from those 
limits. Vice versa, a good understanding of such limiting processes in CFTs could 
allow to take advantage of the rich CFT structure in geometry. 

The main aim of the present work is to establish an intrinsic notion of such 
limiting processes in pure CFT language and to apply it to some interesting 
examples. To this end, we give a definition of convergence for sequences of CFTs, 
such that the corresponding limit has the following structure: There is a limiting 
pre-Hilbert space 'H°° which carries the action of a Virasoro algebra, and similar 
to ordinary CFTs to each state in 'H°° we assign a tower of modes. Under an 
additional condition the limit even has the structure of a full CFT on the sphere. 
This is the case in all known examples, and in particular, our notion of limiting 
processes is compatible with deformation theory of CFTs. 

If the limit of a converging sequence of CFTs has the structure of a CFT on 
the sphere, but is not a full CFT, then this is due to a degeneration as mentioned 
above. In particular, the degeneration of the vacuum sector can be used to read 
off a geometry from such a degenerate limit. Namely, in our limits the algebra of 
zero modes assigned to those states in Ti.°° with vanishing energy is commutative 
and can therefore be interpreted as algebra of smooth functions on some manifold 
M. The asymptotic behaviour of the associated energy eigenvalues allows to read 
off a degenerating metric on M and an additional smooth function corresponding 
to the dilaton as well. Moreover, being a module of this commutative algebra, 
7i°° can be interpreted as a space of sections of a sheaf over M as is explained 
in lESI. 

Simple examples which we can apply our techniques to are the torus models, 
where our limit structure yields geometric degenerations of the corresponding 
target space tori a la Cheeger-Gromov |C-GlllC-G2j . In this case, Tl°° is the 
space of sections of a trivial vector bundle over the respective target space torus. 
Similar statements are true for orbifolds of torus models, only that in this case the 
fiber structure of 7i°° over the respective torus orbifold is non-trivial. Namely, 
the twisted sectors contribute sections of skyscraper sheaves localized on the 
orbifold fixed points. 

Our favorite example, which in fact was the starting point of our investiga- 
tions, is the family of unitary Virasoro minimal models. Some of their structure 
constants have a very regular behaviour under the variation of the level of the 
individual models. We use this to show that the A-series of unitary Virasoro min- 
imal models constitutes a convergent sequence of CFTs. All fields in its limit the- 
ory at infinite level can be constructed in terms of operators in the su(2)i WZW 
model. The sequence degenerates, and the limit has a geometric interpretation 
in the above sense on the interval [0, tt] equipped with the (dilaton-corrected) 
metric g{x) = sin^x (in fact, the x-dependent contribution is entirely due to 
the dilaton). This also allows us to read off the geometry of D-branes in these 
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models. Though this means that the vacuum sector of our hmit is well under- 
stood, it remains an interesting open problem to investigate the full fusion rules 
in detail, in particular whether an appropriate limiting S-matrix can be found. 

A different limit for the A-series of unitary Virasoro minimal models at infi- 
nite level was proposed in |G-R-WIIR- Will R-W2 . It is described by a well-defined 
non-rational CFT of central charge one, which bears some resemblance to Liou- 
ville theory. In particular, its spectrum is continuous, but degenerations do not 
occur. Our techniques can also be used to describe this latter limit. The relation 
between the two different limit structures is best compared to the case of a free 
boson, compactified on a circle of large radius, where apart from the degenerate 
limit described above one can also obtain the decompactified free boson. While 
the limit investigated in this article has the advantage that it leads to a consis- 
tent geometric interpretation, the one which corresponds to the decompactified 
free boson gives a new well-defined non-rational CFT. 

This work is organized as follows: In Sect. Q we explain how non-commutative 
geometries can be extracted from CFTs, after giving a brief overview of some 
of the basic concepts. Sect.|2contains our definitions of sequences, convergence, 
and limits, and is the technical heart of this paper. Moreover, the geometric 
interpretations of degenerate limits are discussed. Sect.Olis devoted to the study 
of torus models and orbifolds thereof, where we exemplify our techniques. In Sect. 
0]we present our results on the A-series of unitary Virasoro minimal models. We 
end with a discussion in Sect.[S| Several appendices contain background material 
and lengthy calculations. 
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Figueroa-O'Farrill, Matthias Gaberdiel, Maxim Kontsevich, Werner Nahm, An- 
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partly supported under U.S. DOE grant DE-FG05-85ER40219, TASK A, at the 
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1. From geometry to conformal field theory, and back to geometry 

String theory establishes a natural map which associates CFTs to certain, some- 
times degenerate geometries. Conversely, one can associate a geometric in- 
terpretation to certain CFTs, and the latter construction is made precise by 
using Connes' definition of spectral triples and non-commutative geometry. 

In Sect. 11.11 we very briefly remind the reader of spectral triples, ex- 
plaining how they encode geometric data. Somewhat relaxing the conditions on 
spectral triples we define spectral pre-triples which will be used in Sect. 11.21 
There, we recall the basic structure of CFTs and show how to extract spectral 
pre-triples from them. If the spectral pre-triple defines a spectral triple, then 
this will generate a non-commutative geometry from a given CFT. In Sect. [T31 
we explain how in favorable cases we can generate commutative geometries from 
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CFTs. In the context of string theory, this prescription gives back the original 
geometric data of the compactification space. 

Much of this Sect, n consists of a summary of known results | Co2IIF-GIICo3[ 
IKeinrSj . but it also serves to introduce our notations. 

1.1. From Riemannian geometry to spectral triples. For a compact Riemannian 
manifold (A/, g), which for simplicity we assume to be smooth and connected, the 
spectrum of the associated Laplace-Beltrami operator Ag : C°° (M) — > C°° [M) 
encodes certain geometric data of {M,g). However, in general one cannot hear 
the shape of a drum, and more information than the set of eigenvalues of Ag is 
needed in order to recover (M, g) . 

By the Gel'fand-Naimark theorem, the point set topology of M is completely 
encoded in C°(M) = C°°(M): We can recover each point p G M from the ideal 
of functions which vanish at p. In other words, given the structure of C°°{M) 
as a C*-algebra and its completion C*'(M), M is homeomorphic to the set of 
closed points of Spcc(C'Af), where Om is the sheaf of regular functions on M. 
Connes' dual prescription uses C*-algebra homomorphisms x-C°°{M) — > C, 
instead, such that p G M corresponds to Xp'- C°°{M) — > C with Xpif) '■— f{p)j 
the Gel'fand-Naimark theorem ensures that for every commutative C*-algebra 
A there exists a Hausdorff space M with A = C'^{M). M is compact if A is 
unital. 

Example 1.1.1 

Let i? e M+, then M = S]f = / ^ with coordinate x ^ x + 271 R has the 
Laplacian A = Its eigenfunctions |m)/j,TO S Z, obey 

Vto e Z: |to)_r: x i— s- g™'^/ 
y m^m! G Z: 

and they form a basis of C"(M) and C°°{AI) with respect to the appropriate 
norms. Any smooth manifold is homeomorphic to §}j, equipped with the Zariski 
topology, if its algebra of continuous functions has a basis /™, m g Z, which 
obeys the multiplication law /™ • /™ = /™+™ . 

To recover the Riemannian metric g on M as well, we consider the SPECTRAL 
TRIPLE {M:=L'^{M,<hfo\g),H ■.= \Ag,A:=C°°{M)), where H is viewed as 
self-adjoint operator which is densely defined on the Hilbert space H, and A 
is interpreted as algebra of bounded operators which act on elements of H 
by pointwise multiplication. Following |Go2IIF-GIIGo3| . we can define a distance 
functional dg on the topological space M by considering 

T:={f eA\Gf:= [/, [H, f]] = - {f o H + H o f) + 2f o H o f 
obeys Vhe C°°{M): \Gfh\ <\h\}. 

One now sets 

Vx,yeM: dg{x,y) -.^ sup \f{x)~f{y)\. (1.1.2) 

In Ex. imi with M = S)j one checks that for all /, /i € C°° (M): G rh = {ffh, 
and in general Gfh = giy f)h. In fact, by definition jB-G-Vl Prop. 2.3], 



lA\m)R^^\m)R- 
• W)r =\m + m%. 



(1.1.1) 
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any second-order differential operator O satisfying [/, [^O, /]] = gC^f, V/) is a 
GENERALIZED Laplacian. Using the time coordinate of a geodesic from x to 
y and truncating and smoothing it appropriately one checks that H1.1.2|) indeed 
gives back the geodesic distance between x and y which corresponds to the metric 
g. In other words, {M,g) can be recovered from the spectral triple {M.,H,A). 

More generally, consider a spectral triple (H, H, A) with H a Hilbert space, 
H a self-adjoint positive semi-definite operator, which on H is densely defined 
with 7^0,0 ■= kcr(i7) ^ C, and A a C*-algebra of bounded operators acting on 
H. In fact, in the above let us assume that M is spin and replace H = ^Ag 
by the corresponding Dirac operator V and H = L^(M, dvolg) by the Hilbert 
space H' of squarc-integrable sections of the spinor bundle on M. Note that H 
can be calculated from V, see (|1.1.3|) and Ijl. 1.5(1 . Moreover, we assume that 
{WjV^A) obeys the seven axioms of non-commutative geometry |('o8I 
p. 159]. Roughly speaking, these axioms ensure that the eigenvalues of H have 
the correct growth behaviour H1.1.4|) . that V defines a map V on ^ with 

yfeA: V/:= [P,/]: H'^H'; V h e A : [V/, /i] = 0, (1.1.3) 

where in the above examples V/ acts on H' by Clifford multiplication, and that 
A gives smooth coordinates on an "orientable geometry" ; furthermore, there are 
finiteness and reality conditions as well as a type of Poincare duality on the K- 
groups of A. If all these assumptions hold, then by H1.1.2|l the triple (EI',I?,^) 
defines a non-commutative geometry a la Connes |ColllCo2IICo3| . If the algebra 
A is commutative, then the triple (H',I?,^) in fact defines a unique ordinary 
Riemannian geometry {M,g) |Co3l p. 162]. The claim that the differentiable and 
the spin structure of (M, g) can be fully recovered is detailed in^ ^Re) . 

Following |F-Gj . instead of studying spectral triples {Il','D,A), we will 
be less ambitious and mainly focus on triples (H, H, A) , somewhat relaxing the 
defining conditions: 

Definition 1.1.2 

We call (H, H, A) a spectral pre-triple if HI is a pre-Hilbert space over C, H 
is a self-adjoint positive semi-de6.nite operator on M with 7io,o ■= ker(iJ) = C, 
and A is an algebra of operators acting on H. Since Ho o — C 3 1, we can view 
A^MbyA^A-1. 

If additionally the eigenvalues of H have the appropriate growth behaviour, 
i.e. for some 7 e M and V ^M.: 

N{E) := dime I ^ {if eM\ Hip = Xip}\ , N{E) V ■ E^^^ , (1.1.4) 

\x<E J 

then {Il,H,A) is called a spectral pre-triple of dimension 7. 

If there exists an operator V which is densely defined on a Hilbert space H' 
that carries an action of A with ((1.1. 3|l sucii that 

yf,heA: (V/,V/i)h' =2(/,F/i)H (1.1.5) 

and such that (H', T), A) obeys the seven axioms of non-commutative geometry 
then we call (H, H, A) a spectral triple or a non-commutative geometry 

^ We thank Diarmuid Crowley for bringing this paper to our attention. 
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OF DIMENSION 7. 

Remark 1.1.3 

Note that our condition H1.1.5() for the operator H does not imply H = on 
L^(M, dvolg). In fact, H will in general be a generalized Laplacian with respect 
to a metric g = ijjij) in the conformal class of g. More precisely, we will have 
dvolg = e^^dvolg with ^> e C°°(Af), and with = (g^^), 

2H = -e-2*\/detg-i^ d,e^'^ y^d^ g'^ dj (1.1.6) 

with respect to local coordinates, in accord with 1)1.1.5(1 . We call g the dilaton 
CORRECTED METRIC with DILATON Note that g is easily read off from the 
symbol of H, allowing to determine from dvolg = e^** dvolg. 

A generalization of Connes' approach, which is natural from our point of view, is 
given in )Loj . There, the Dirac operator on the spinor bundle of M is replaced by 
the Di rac type operator V ^d + d* on H' = A*{T*M). Since Ag^V'^, (fTX!^ - 
(|1.1.5|l remain true, but the list of axioms reduces considerably to the definition 
of a RiEMANNiAN NON-COMMUTATIVE GEOMETRY [Tol III. 2]. However, our main 
emphasis lies on the recovery of the metric structure (M, g) rather than the 
differentiable structure. Similarly, in jK-Sj the main emphasis lies on triples 
(A/, R+g, (^), where ip: M — > is a map into an appropriate moduli space Ai 
of CFTs. 

It will be easy to associate a spectral pre-triple to every CFT. Using degener- 
ations of CFTs in the spirit of |K-Sj , one can often associate spectral pre-triples 
of dimension 7 = c to a CFT with central charge c. A general theorem, however, 
which allows to associate non-commutative geometries to arbitrary CFTs seems 
out of reach. In all cases we are aware of where a non-commutative geometry is 
obtained from CFTs, this is in fact proven by deforming an appropriate com- 
mutative geometry. In Sect. 01 we present a non-standard example of this type 
which should lead to interesting non-commutative geometries by deformation. 



1.2. Spectral triples from CFTs. We do not attempt to give a complete definition 
of CFTs in this section; the interested reader may consult, e.g., B-P-Z,M-S2j 
IGillM-SlllF-M-SIIG-G| . Some further properties of CFTs that are needed in the 
main text are collected in App. El 

A UNITARY TWO-DIMENSIONAL CONFORMAL FIELD THEORY (CFT) is Speci- 
fied by the following data: 

— a C-vector space Ti of states with scalar product (-I-). This scalar product 
is positive definite, since we restrict our discussion to unitary CFTs; 

— an anti-C-hnear involution * on often called CHARGE conjuga tion ; 

— an action of two commuting copies Virc, Virc of a Virasoro algebra IjA.ip with 
central charge^ c € R on Ti, with generators L„, L„, n S Z, which'^ commutes 



^ As a matter of convenience, we always assume left and right handed central charges to 
agree. 

^ The indexing of all modes below corresponds to energy, not to its negative. 
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with *. The Virasoro generators Lq and Lq are diagonahzable on H, such that 
TC decomposes into eigenspaces'' 

h,heR, 
h-heZ 

and we set {0} if h — h ^ Z. The decomposition H1.2.1|) is orthogonal 

with respect to (-I-); 

a GROWTH CONDITION for the eigenvalues h, h in 11.2.111 : For some v e R+ 
and V eR: 

yEeR+: oo > dim I ] cxp (v^/b) . (1.2.2) 

In particular, for all h, h € R we have Ti* j- = Tij^ -r, and we define 



h,h 
h.heR 

— a unique ^-invariant VACUUM J? £ 7Yo,o — C, as well as a dual SI* E H* 
characterized by ljA.211 : 

— a map C -.li* ® Ti.^"^ — > C that encodes the coefficients of the opera- 
tor PRODUCT EXPANSION (OPE), SUCh that 

C{;Q,-):n* ®U^C, {1',x)^1'{x), (1-2.3) 

i.e. the induced map is the canonical pairing. The OPE-coefficients C obey 
lfO0)l and (f02)l and can be used to define an isomorphism 

^^JfJ s. th. vxew: r{x)^c{r,n.x)^{m- (1-2.4) 

There are many properties of the map C, like the sewing relations, that have 
to be fulfilled for reasons of consistency, and which we will not indulge to list 
explicitly. Some properties of CFTs that follow from these consistency conditions 
should be kept in mind, however: 

— (y5 e 7i is a lowest weight vector (Iwv) with respect to the action of Virc, Virc, 
i.e. a PRIMARY STATE, iff for all^ n e N — {0}: L-„(^ = 0, L_„</3 = 0. 

For any Z-graded algebra C = £„ we define 

£± :- £„, (1.2.5) 

±n>0 

:== ker£- = G Tl! | Vn e N- {0}, Vu; G £_„: wif^Q). 

In other words, setting C — Vir = Virc ® Virc by abuse of notation, "W^"' 
denotes the subspace of primary states in TL. 



* In this work, we restrict our investigations to bosonic CFTs. 
° We agree on e N, as argued in |Bo| IV.4.1,R.6.2]. 
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— The OPE, which we encode in the map C as introduced above, allows to asso- 
ciate to each ip G H a, tower ipp,,-p, fJ-,JI G M, of linear operators iPfj,,ji'- Ti-f^ — > 
T^h+fj.h+jT^ called (Fourier) modes, see (|A.13|I . In particular, the elements 
Ln, Ln, n G Z, of Virc, Virc can be interpreted as the Fourier modes of 
the holomorphic and antiholomorphic parts T ,T of the energy-momentum 
TENSOR. Moreover, J7o,o acts as identity on H, and all other modes of f2 act 
by multiplication with zero. By abuse of notation we write T = e 7^2,0 j 
T = X2f2 e Ha,2 for the ViRASORO states in H. 

A sextuple C (H, *, J7, T, T, C) with H, *, SI, T,T, C as above specifies a 
CFT. Two CFTs C = (H, *, f2, T, T, C) and C = [H' , H' , T', t', C) are 
equivalent, if there exists a vector space homomorphism / : Ji — > 7Y', such 
that /: (12, T, T) ^ (H' , T', t') and *' = J o C" = C o (/* / /). 

Instead of primary states in 7i^" , below, we will be interested in primary 
states with respect to a larger algebra than Vir, namely the (generic) HOLOMOR- 
PHIC AND ANTIHOLOMORPHIC W- ALGEBRA >V*®W*, See (|A.15(I . By (|1.2.5|l the 

primary states with respect to a subalgebra W of W* W are 

ri^ = kerW" = {(p e 7i I Vn e N - {0}, Vw G >V_„: wtp ^ Q] . 

To TRUNCATE THE OPE TO PRIMARIES note that by (|1.2.2I) for given (p e H 
and X G T^hh^ '^^ have f^^-px 7^ for a discrete set of {n,Ji) G M."^. Hence, 
whenever the set 

/w(^,x) := {(m,m) e R2 I BV- e 7^^: ^*(^M.7rX) ^ O} 

is finite, we can define the truncated OPE 95 ffl ^ as the orthogonal projection of 
E <^/',ArX onto n^: 

:= e I Vx e H^: |/w(^,x)l < 00} ; 

e 7i;^,Vx e : (1.2.6) 
V3 ffl X e s.th. Vt/; e i/;*((^ ffl x) = C'(V'*, (p, x)- 

Let us remark that the above definition of \S may well be too restrictive: By 
introducing appropriate (partial) completions of the relevant vector spaces one 
can attempt to replace our finiteness condition in H1.2.J)|) by a condition on 
normalizability and thereby get rid of the restriction to 7i^. Although in most 
of our examples we find n'^ = n^, for the orbifolds discussed in Sect.ES - 
Ix contains all twisted ground states. The latter do not enter into the discussion 
of the zero mode algebra, which is relevant for finding geometric interpretations 
(see Sect. I2.2|l . Summarizing, our definition of ffl, above, is well adapted to our 
purposes, though it may be too restrictive in general. By construction, 

Let us extract a spectral pre-triple from a CFT C ~ {H, *, J7, T, T, C). By 
definition of the adjoint (see l|A.5|l . l|A.ll|l ). Lq acts as self-adjoint operator on 
H, and L\ = Moreover, 2Lo = [l\,Li] shows that Lq is positive semi- 

definite, and similarly for Lq. Therefore, to associate a spectral pre-triple to a 



Limits and Degenerations of Unitary Conformal Field Theories 



9 



CFT C, we will always use H := Lq + Lq, which by the uniqueness of f2 obeys 
ker(iJ) = 7^0,0 = C. Following [F^, we let 

m-.^n^ ^ kerW" 

denote the space of primaries in Ti. with respect to an appropriate subalgebra W 
of the holomorphic and antiholomorphic W-algebras. Moreover, to every ip S ?i 
we associate an operator A^p on H which acts by the truncated OPE ipB as in 

(|1.2.6|l . The operators A^, ip e ?i , generate our algebra A with the obvious 
vector space structure and with composition of operators as multiplication: 



y^eH''': A^-.m^m, A^{x):=^mx; A:^(^A^ if^W'^Y (1.2.7) 

It is not hard to see that (M, if, A) obeys Def. 11.1.21 thus defining a spectral 
pre-triple. As a word of caution, we remark that in general for x G , 

Aip O A^ A^^^. 

Several other attempts to associate an algebra to a CFT can be found in the 
literature. Truncation of the OPE to leading terms, as suggested in |K-SI 2.2], 
gives a straight-forward algebra structure but seems not to capture enough of the 
algebraic information encoded in the OPE: On the one hand, if all states in TO^ 
are given by simple currents, e.g. for the toroidal theories focused on in |K-S| . 
then truncation of the OPE to leading terms is equivalent to our truncation 
(|1.2.6|l . On the other hand, for the example that we present in Sect.01 it is not, 
and we show how our truncation H1.2.6II gives a convincing geometric interpreta- 
tion. For holomorphic vertex operator algebras, Zhu's commutative algebra 
is a commutative associative algebra which can be constructed using the normal 
ordered product by modding out by its associator (see JZh B-N,G-N'), and it 
is isomorphic to the zero- mode algebra |B-N) . Although to our knowledge Zhu's 
commutative algebra has not been generalized to the non-holomorphic case, it is 
very likely that such a generalization would yield the same geometric interpre- 
tations for degenerate CFTs that we propose below; this is related to the fact 
that A^oA^ — Aip^^ holds for the relevant states in these degenerate CFTs, see 
Lemma |2 . 2 . 31 and Prop. [^2.41 Summarizing, our truncation l|1.2.6(l . which goes 
back to jF-Cj , seems to unite the useful aspects of both the truncation of the 
OPE to leading terms and Zhu's algebra. 

An application of Tauber's theorem known as Kawamata's theorem |Wil Thm. 
4.2] shows that the growth condition p.2.2|l ensures the eigenvalues of H to obey 
(|1.1.4|l for "f — 1/. In general, 7 will not coincide with the central charge c of the 
CFT, but in many examples with integral c we find 7 = 2c, see e.g. Ex. 11.2.21 
below. So far, we have shown: 

Proposition 1.2.1 

To any CFT C = {H, *, i7, T, T, C) of centrai charge c which obeys ^fTT^ 
with 7 = G M, after the choice of a subalgebra W of the holomorphic and 
antiholomorphic W-algebras, we associate a triple 

:= = kerW", H := Lo + Lq, A -.^ {A^ \ ip e H^) 
Then (H, H, A) is a spectral pre-triplc of dimension ^ — v as in Def. 11.1.21 
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The operator V := ii + Li: M. ^ H obeys (11.1. 5|l as well as a Leibniz rule. 
However, for general CFTs we are unable to show that (H, H, A) gives a spectral 
triple of a specific dimension, i.e. a non-commutative geometry according to Def. 
11.1.21 A need not, in general, act by bounded operators, and we are unable to 
check all seven axioms of Connes' or their reduction in | Lo |. including the fact 

that A is a. C* -algebra. Neither are we aware of any attempt to do so in the 
literature, see also |F-G-R| for a discussion of some unsolved problems that this 
approach poses. 

For toroidal CFTs, the above construction indeed gives a C*-algebra A of 
bounded operators |F-Gj . We illustrate this by 

Example 1.2.2 

Let Cb.,R e K+, denote the CIRCLE THEORY AT RADIUS R, i.e. the CFT with 
central charge c = 1 that describes a boson compactified on a circle® of radius 
R. All Cii possess a subalgebra W = u(l) ® u(l) of the holomorphic and an- 
tiholomorphic W-algebra*" (see App. IbJ, and the pre-Hilbert space Hb. of Cr 
decomposes into irreducible representations of W. The latter can be labeled by 
left- and right handed dimension and charge ft. a, and /i^, Qj^ of their Iwvs, 

where hji = = \q\. The space of primaries of Cr with respect to W 



1 n2 

2 

is 



2 ■ 



H := = spanc{|Qfl;Q, 

3m,neZ: = + nR) ,Q„ ^ ~ nR)], 

see (|B.4p . To obtain the spectral pre-triple associated to Cb. by Prop. n~m from 
H = rO^ we need to consider the truncated OPE ((TT^ . By ((TTTjl and (|R6|) . 
orthonormalizing the IQ^; Qp) as in (|B.3|I . we have 

A - oA -, - _ _, 

" "^IQfl;Q«>ffl|Q'„;Q'H>- 

We see that = TL^ and A := {A^ \ ip U'^) is generated by the A^ 
with (f € TO^ as a vector space, i.e. ffl defines an (associative!) product on TO^ , 
which simplifies the situation considerably in comparison to the general case. The 
algebra A is clearly non-commutative. It is a straight-forward non-commutative 
extension of the product Hl.l.l|) of the algebra of smooth functions on the circle, 
taking winding and momentum modes into account. In fact, A is the twisted 
group algebra Ce[r] of the u(l) u(l)- charge lattice 

r = { (QriQr) = (Qm,„; Q,„,J = 71 ((f + nR) ; (f - nR)) \m,nez} 

(1.2.9) 



^ Our normalizations are such that the boson compactified on a circle of radius R = 1 is 
described by the su(2)i WZW model. 

^ To clear notations, our symbol g always denotes the loop algebra associated to the Lie 
group G with Lie algebra g, and g/; denotes its central extension of level k. 
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(see (|B.4(l 'l. twisted by the two-cocycle e of (|B.6(I . yielding a non-commutative 
generalization of the algebra of smooth functions on Er x §>1^r- Moreover, one 

checks that (H, H, A) is a spectral pre-triple of dimension 2 ~ 2c, and we have 
QR = ^{^+nR),QR = ^{^-nR) (1.2.10) 

in perfect agreement with (|l.l.l|l . 



1.3. Commutative (sub)-geometries. Bv Prop. II. 2. II there is a SDectral pre-trinle 
associated to every CFT. However, this construction is not very satisfactory. 
Namely, it depends on the choice of a W-subalgebra W, and it does not allow us 
to extract a non-commutative geometry a la Connes in a straight-forward man- 
ner. Moreover, if we start e.g. with the one-dimensional Riemannian geometry 
{E>]^,g) discussed in Ex. 11.1. II from its associated CFT we read off a spectral 
pre-triple (H, H, A) of dimension 2 in Ex. 11.2.21 The original one-dimensional 
spectral pre-triple (H = L^(S)j, dvolg), ~ \Ag,A = C°°{E]^)) can of course 

be obtained from (H, H, A) by restriction: 
H — spanc {|™) _R I ™ G 

= spanc{|Qfl,;QB) e i I Qfl = Qfl = ^,me Z| = ker(W-, jo - Jo): 

where joi Jo denote the zero modes of generators j, j of u(l),u(l) as in (|B.1|) . In 
(|1.2.10() we have checked that H has the correct eigenvalues on the generators of 
H. Also, by (|1.2.8|l . ffl is associative and commutative on H = ker(W^, jo ~ Jo)' 
and A = {A^ | iy9 e H) . This motivates 

Definition 1.3.1 

Let C denote a CFT with central charge c, W a subalgebra of its holomor- 
phic and antiholomorphic W-algebras, and (H = ker W" , H, A) the associ- 
ated spectral pre-triple of dimension 7 as in Prop. 11.2.11 A spectral pre-triple 
(H, H, A) of dimension c is called a geometric interpretation of C if H c H, 
A — (^i^Ijj I S H) is commutative, and if there are appropriate comple- 
tions H, AofM,A such that (Ii,H,A) is a spectral triple of dimension c, i.e. 
H = i^(Af, dvolg), H = ^Ag, A — C^(M) for some Riemannian manifold 
{M,g) of dimension c and dvolg = e^'^dvolg, ^ € C°°{M). 

One checks that each CFT Cr, R E R+, of Ex. 11.2.21 has precisely two geometric 

interpretations {M^,H,Ar) with = ker(>V-, jo T Jo) - L^i^R±i)- The am- 
biguity is not a problem but a well-known virtue, since the CFTs Cr and Cr-i 
are equivalent according to the definition given on p. |S1 On the other hand, the 
non-linear sigma model construction with target the geometric interpretation 
S]^±i of Cr gives back the CFT Cr, yielding the notion of geometric inter- 
pretation introduced in Def. ll.3.T1 verv natural. For general {M,g), however, a 
rigorous construction of a non-linear sigma model with target M is problematic: 
Renormalization is necessary, and perturbative methods give good approxima- 
tions only for M with large volume. Hence we can only expect those properties 



12 



Daniel Roggenkamp and Katrin Wendland 



of Ex. ll.2.2l to generalize which characterize Cr = Cjj-i at R^^ ^ 0. In fact, 
is generated by the |Q_r±i ; Qi^ii) G H with Q/?±i = ±Q/?±i = T^TT' "^ G ^■ 
Hence by (|1.2.1U|) for R"^^ > the geometric interpretation (H^^ , iJ, ) is ob- 
tained from (H, H, A) by restriction to those states in M which at large volume 
retain bounded energy: 

Definition 1.3.2 

Let C denote a CFT {or a limit of a sequence of CFTs, see Def. l2.1.5|l with associ- 
ated spectral pre-triple (H, H, A) and geometric interpretation {M C M, H,A C 
A). Assume that there is an e > 0, e <C 1, such that 

Ao := (A^Ih I e H, \H(p\ < e\ip\) obeys H = spanc (Ao (7^o,o)) ■ 

Then C is called degenerate and (H, H, A) or [M, g) with H = L'^{M, dvolg), 
H ^ ^Ag and A = C°°{M) as in Def. 11.3.11 is called preferred geometric 

INTERPRETATION OF C. 

The preferred geometric interpretations are exactly those geometric interpreta- 
tions proposed and studied in |F-G| . It is believed that a degenerate CFT C with 
preferred geometric interpretation ( M, g) in fact yields a degenerate Riemannian 
geometry {M,g). More precisely, in jK-Sj . families of degenerate CFTs with 
£ > as in Def. 11.3.21 are studied as £ ^ 0, where the preferred geometric in- 
terpretations (Mej^g), e > 0, all yield the same topological manifold = M. 
Then {M, g^)g^o is believed to describe a Gromov-Hausdorff limit of a metric 
on M, where some cycles collapse while keeping the curvature bounded. Such 
limits of metrics have been studied in |C-G1IIC-G2| . In the physics literature, the 
limiting geometries which arise from degenerate CFTs are sometimes referred to 
as LARGE VOLUME LIMITS, See |Mo| for a useful account. 

Since each collapse of cycles {M,g^)s^o in |C-G1IIC-G2| gives a boundary 
point of the moduli space of Riemannian metrics on M, it is natural to use se- 
quences {Ce)e-^o as above to construct corresponding boundary points of moduli 
spaces of CFTs. In a more general context, such a possibility was alluded to 
in |K-Sj . It presumes the definition of topological data on the families of CFTs 
under consideration: 

Definition 1.3.3 

A CFT-SPACE is given by the following data: A sheaf S over a topological 
Hausdorff space M, such that for each p G M, Cp is a CFT with associated 
pre-Hilbert space Tip = Sp. Furthermore S1,T,T are global sections of S, and 
all CFT-structures as e.g. OPE-coefRcients, evaluated on local sections of S, are 
continuous. If M. is a D-dimensional variety, then D is called the DIMENSION of 
the CFT-space S. 

If S is obtained as a deformation space of CFTs in the sense of conformal de- 
formation theory, then Ai comes equipped with a metric, the Zamolodchikov 
metric, which induces a standard topology on Ai as well as flat connections on 
S 'Sch"K allR-S-Z| . This is in particular true for the family {Cj^)j^jz]^+ studied in 

Ex. 111221 

Intuitively, it is now clear how boundary points of CFT-spaces iS over Ai could 
be constructed: One considers continuous paths p : [0, oo) —^ M. giving rise to 
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one-dimensional CFT-subspaces S\p of S with {S\p)t = 'Hp(t) for t e [0, cx)). If 
for t ^ oo the CFT-structurcs of the Cp(t) converge in a suitable sense, e.g. as 
specified in Sect.|21 then the limit structure gives rise to a boundary point of the 
CFT-space S\p. If limt^ao p{t) =p & A4, then the CFT-structures converge to 
the corresponding structures of Cp, and the boundary point of the CFT-subspace 
S\p just corresponds to this CFT. If however p G M — then the boundary 
point of the CFT-subfamily S\p can be considered as boundary point of S. 

Moreover, assume that to each Cp^t) we can associate a spectral pre-triple 
(]HIp(t),_ff, Ap[t)) obtained from an appropriate subspace of constant sections 
along p. If there is an S N such that for every constant section (f from such a 

subspace one has |7?(pp(t) |/|iy9p(i) | 0(t~^), and if all structure constants of 
(]HIp(j) , H, Ap(t) ) converge for t ^ oo, then we obtain a limiting spectral pre-triple 
(M°°, H, A°°). The above assumption that all eigenvalues of H on Hpjt) converge 
with the same speed 0{t~^) allows to define H°° := limt^^t^ H and should 
allow to read off a non-degenerate Riemannian geometry from {M.°° , H°° , A'^ ) . 

For now, instead of considering CFTs, let us stay in the regime of function 
spaces and inspect limits of commutative geometries in terms of spectral triples. 
This serves as a motivation for Sect. Eland also leads to some ambiguities which 
should be kept in mind. 

Example 1.3.4 

We consider possible limiting procedures for the spectral triples (Mfj = L^(S]j.) , 
H = ^A,Ar = C°°(§)j,)) as i? — > oo. By Hl.l.l|) . each Mr is generated by 
©mez^m with := spanc{|m)fl} an eigenspace of H with eigenvalue j^. 
It is therefore natural to choose constant sections (P — {tp™ | to e Z} of the 
sheaf iS over K+ with Sp. = H/j by (/s^ :— |m)fl. Since the sections are constant 
with respect to the inner product on the Hilbert spaces Mr, R E M+, they are 
in particular compatible with the Hilbert space structure, which allows us to 
formally define a limiting Hilbert space 

■= ^P^^c {\m)oo} with |to)oo := {Hr \ R e K+}. 

By (jl. 1.111 . ip^-ip'" = for all to, to' G Z, so we are lead to set Am\m')oo ■= 

|to + to')oo and thus obtain a commutative algebra of bounded operators A'^-^ 

{Am I TO S Z) on M'^y The iJ- eigenvalues of all Ito)^; converge to zero with the 
same speed as i? — > oo, hence we can naturally define H'^-^\m)ao ■^|'7i)oo to 
obtain the commutative geometry (M^^ = L'^{§l),H^y A'^^ = C°°(§})) in the 
limit. 

Mathematically, having |to)oo represent the sequence {\m)R | R £ M+} means 
that spanc{|TO)oo} is the direct limit (see, e.g. |Da]) of the {V^, R e M+}, 
where for R, R' e M+, we use Jr^r/: S)j, §)j with Jr^r'^x) := x-^ to construct 
a DIRECT SYSTEM (Hi,;, ^,). Then, is the direct limit of {M.r, ^,). 

We have used the category Ii with objects Ob (/i) = R"*" the circles of radii 
R e M+ and morphisms the diffeomorphisms between the circles. Note that 
there is precisely one diffeomorphism Jr^r' for every pair of circles® (§)j/,§}j). 

* We use oriented circles with base points to get rid of the translations and reflections. 
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The limit {W^y H^y A'^-^) is the inductive hmit of the functor Fi: h Vect 

which on objects maps S)j i— > C°°(§)j), and on morphisms maps /r.r' fiiR'- 
Instead of Ii , there is another quite obvious category I2 we could have chosen, 
namely with objects Ob (12) = Ob(/i) = the circles of radii R e and 
morphisms the isogenics (i.e. local isometrics) between circles. That is, there 
exists a morphism gn^R': §)j, — > S)j with gR^R'{x) := x precisely if € N. 
The inductive limit of the functor F2: I2 ^ Vect which on objects maps §)j 1— > 
C°°(§)j), and on morphisms maps gR,R> 1— > gR r, is 

- spanc{|^^•0)oo}® spanc{|r)oo} 

eSR/Q rSR* 

with V£-eM/(Q: |e.0)oo ■■=mNe | ^ € Z}, 
VreM*: |r>eo {|n)„/^ I riG Z}. 

Here, M/Q denotes classes of real numbers which are commensurable over Q. 
We have \q»Q)oo = 1 for all g e R/Q, and for all n G Z - {0}: |n)„/r: x ^ e*='^ 

Hence we naturally define ff^'J^ I gi» 0)00 := for p e M/Q, and i?^^^ |r)oo := ^k)oo 
for r S M. This again yields a degenerate limit, but we cannot rescale H'^^^ as 
before. Namely, to interpret the |r)oo in terms of sections <f>^ , r S R of 5 over 
M+, Sr — Mr (where the label r = is replaced by r — g»0, g G M/Q), we have 
to set \rR)R iff ri? e Z ((^^'^ := \0)r iff i? = g in M/Q) and </j^ 0, 

otherwise. To yield the (/s^ continuous, we need to introduce a discrete topology 
on R+. Then we can also naturally define a spectral triple {M'^y H^y A'^^^) , 
with Ar e A'^y r e R, acting by Ar\r')oo = \r + r')oo, Ar\r' • 0)oo = |r)oo 
iff r and are commensurable over Q, i.e. r = r' in M/Q, and Ar\r')ac = 0, 
A^|r'»0)oo = 0, otherwise. Similarly, for g G M/Q we have ^^.o G A"^-^ acting by 

Ag,o\r')^ = |r')co, A,.o|r'.0)oo = |r'.0>oo iS g ^ r' in M/Q and ^e.o|r'>co = 0, 
^g»oW • 0)00 = 0, otherwise. In other words, Ag^o acts as a projection, and 
{^g»o I £1 S M/Q} defines a "partition of identity", Aq := X^geR/Q^e'O- This 
indeed gives a commutative geometry, namely M with the flat metric and an 
interesting topology. 

Summarizing, Ex. ll.H.-H motivates the use of direct limits for the construction of 
limits of spectral pre-triples and CFTs. Moreover, as a word of caution, we have 
found two different limiting geometries for the spectral triples (Mr — L^(§^), 
H = ^A,Ar = C°°(§)j)) as i? ^ 00, depending on the choice of the constant 
sections of S over M+ with Sr = Mr. Both limits are natural in their own right. 
(H^) , H^^ , ) is motivated by the approach of [FTlK^ , whereas (H^^ , H^^ , 

"^(2)) corresponds to a decompactification of E>\f as i? ^ 00 equipped with a 
discrete topology. Similarly, the definition of limits for CFTs that we propose in 
Sect. 12 will incorporate some ambiguity. 

Remark 1.3.5 

We do not claim that direct limits yield the only sensible construction for limits 
of algebras or spectral triples as in Ex. 11.3.41 There, we have already performed 
a generalization from direct limits of ordered systems to direct limits of merely 
partially ordered systems. However, an ordered set [Ai, 'i, (., of algebras 
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with non-degenerate bilinear forms need not be a direct system at all in order 
to make sense of its "limit" . 

Since we mainly focus on the more natural direct limit construction, below, 
we do not give a formal definition of the more general one, here. The main idea, 
however, is to regard a vector space A as limit of the ordered set {Ai)i^i if for 
every i £ I there is an epimorphism fi : Ai, such that for each (p £ A~ {0} 
there exists an TV S / with fi{(p) ^ for all i > N.li the respective limits, below, 
exist, then we can equip A with a limit bilinear form and algebra structure by 
setting 

{'P, X) lim(/j('^), /<(x))» , (V', • x) lini(/j(V'), M^p) ft{x))t ■ 

Note that this only defines an algebra structure on A if (•, •) is non-degenerate. 

As an example let us discuss the limit of the algebras C°°(§}j) of Ex. 11.3.41 
equipped with the Hermitean form 



x)r = J ^{x)x{x)dx . 

The radii R G of the circles S)j constitute the ordered index set /. As limit 
space A we choose the space (R) of compactly supported smooth functions 
on R. Then, we define 



which is a discrete version of a Fourier transform. Indeed, (C°°(§)j), //f)/j£R+ 
fulfills all the conditions mentioned above, and the limit algebra structure on 
A = (M) , corresponding to the ordinary product of the Fourier transformed 
functions, is the convolution product 

ip,x{x)= I ip{x - y)x[y)dy . 

This construction can be extended to a limit of spectral triples as in Ex. 11.3.41 
and the limit geometry is M with the standard topology. 



2. Limits of conformal field theories: Definitions 

This section gives our main definitions and is the technical heart of the paper. As 
explained above, our construction is motivated by the ideas of F-G ,K-SJ. The 
guiding example is that of the circle theories discussed in Exs. II. 1.1111.2. 21 11.3.41 
or more generally the toroidal CFTs discussed in Sect. 13.11 since these models 
as well as their large volume limits are well understood. Further motivation 
arises from the observation that the family of unitary Virasoro minimal models 
M.{m,m+ 1), m e N— {0, 1}, can be treated by our techniques, too, as detailed 
in Sect.EI 

Sect. I2.l1 is devoted to the definition of sequences of CFTs and their limits; 
we propose a list of conditions which ensure that the limit possesses enough 
structure in order to realize some of the ideas of |F-GIIK-Sj . In Sect. 12.21 we 
explain how our limits can give rise to geometric interpretations. 
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2.1. Sequences of CFTs and their limits. In Ex. 11.3.^ we have given a motiva- 
tion for our general approach to hmiting processes for CFTs, which uses direct 
systems and direct hmits^. We recall the basic definitions below but refer the 
reader to the literature for a more detailed exposition, see e.g. |Doj . We start by 
defining sequences of CFTs: 

Definition 2.1.1 _ 

Let (C*),eN {W, *^ n\ T\ t\ C^)ieN denote a family of CFTs with left and 
right central charges Ci. Given vector space homomorphisms such that 

Vi, j eN,i<j : :7f — >W, and (2.1.1) 
//(TO = \ and Vz, J, fc e N, z < J < fc : <^ = /f , 

we call {C^.fl) a sequence of conformal field theories. 

Note that we do not demand any further CFT-structure to be preserved by the 
morphisms which therefore are not morphisms of CFTs. Hence a sequence 
of CFTs cannot be regarded as a direct system of CFTs. However, (|2.1.1|l by 
definition gives a direct system of vector spaces (W, //). It allows us to define a 
direct limit vector space |Do) 



/C°° :=lim7^* 



.feGN 



/spanc [p' - f^{^) \i,jeN,i< J, e W] 



where by abuse of notation for z e N we have omitted the inclusion homomor- 
phisms : W ©/cgn'^''- '^'^6 above definition of 1C°° means that for each 
G JC°° there exist fc € N and ip^ € Ti.^ such that tp is represented by if^^ i.e. 
ip — Yp^] — [fkiv^)] I > k. hi the following, p^ will always denote a 

representative of this form for p e K.°° . By 

ken 

we denote the homomorphisms given by the composition of inclusion and pro- 
jection, with o Jf = f°° for i, j & N, i < j. With the above notations, 
P^ f^ip") elC°-. 

Similarly, for i, j e N, i < j and ^ e W we define (//)*(^/'*) := (//('0))*- 
This gives a direct system (jiJ-i*Y, (//)*^ . Its direct limit is denoted (IC*)°° , and 

we have projections {f*)°° = {fi°)* as above. 

By (|2.1.1|) . the limits /C°° and {IC*)°° possess special elements i7, T, T and 
f2* , and an involution *. However, the definition of CFT-like structures on the 
limit vector space IC°° requires some more conditions on a sequence of CFTs, 
which we shall discuss now. In particular, we need a notion of convergence. 

^ Although not spelled out in this language, in |M-S2I §6] a notion of classical limits of CFTs 
in terms of direct limits was introduced. 
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In the following, let {C'\ //) denote a sequence of CFTs. 
Condition 1 

The OPE-coefEcients C' of C* CONVERGE WITH respect to the //, i.e. 

The limits C of the OPE-coefhcients only depend on elements of the direct limits 
/C°°, (^*)°° and are trilincar. Thus a sequence of CFTs (CS//) fulfilling Cond. 
Ogives rise to a trilinear function 

C°° : (/C°°)* (E) JC°° (g) JC°° — ^ C . 

C\ *\ and the map W {W)* , ^ ip* with ((rO|l . ((mjl determine the 
Hermitean structure of 'W . Since the homomorphisms // are compatible with 
this structure, if Cond. ^ holds, then the vector space JC°° inherits a limiting 
bilinear form (•|-)oo = C°°{*,Q, ), which may be degenerate, though. Define 
M°° C K.°° to be the space of null vectors of (•|-)oo in /C°°, i.e. 

■.^{y^K.°°\C°°{y\n,v)^Q}. (2.1.2) 

Since the Cauchy-Schwarz inequality is valid for all = C*(-*, J7*, •), Cond. 
n implies that C°°(-*, i7, •) defines a non-degenerate bilinear form on 

:= JC°^/N°° with 7r°° : /C°° — » n°° the projection. (2.1.3) 

In the following, we will frequently use elements (p € /C°° to represent a class in 
71°° and by abuse of notation write if G 71°° . Note that tt°° is compatible with 
C°° only if the following condition holds: 

Condition 2 

All OPE-constants involving null vectors v S as in l|2. 1.2(1 vanish in the 
limit, i.e. the following conditions hold: 

By IjA.lOp . the latter two conditions are equivalent. 
Cond. 121 implies that C°° descends to a well-defined map 

c°° : {n°^'y ®n°^®n°^ — >c. 

Though short and elegant, Cond. |21seems not to be very convenient to check in 
our applications. See Rem. l2.1.5liil for a simplification and note that in our Def. 
12. 1.31 we avoid this difficulty. 

In order to recover a CFT-like structure in the limit, we will introduce a direct 
limit of the decomposition 1(1. 2. 1() on Ti°° . To this end, we will need 
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Condition 3 

There are decompositions of the vector spaces W into common Lq- and Lg-ei- 
genspaces, which are preserved by the ff, i.e. 

aeli 

Vz, J e N , Va e X, 3/3 e I, : //(K) C 7^^ ; //(a) := (3. 

In fact, the induced maps : 2i — > 2j defined by Cond. 13 constitute a di- 
rect system on the index sets, whose direct hmit will be called Too ■= limli. 

The preservation of the decompositions by the ff guarantees the existence of a 
decomposition 

/C°° - • (2.1.4) 

Cond.Oeven guarantees that if Cond.^is satisfied as well, then ()2.1.4|l imposes 
an analogous decomposition of Af°^ and therefore results in 

n°°= ^ H^. (2.1.5) 
For (pen^ with a = [a''], (f ^ 0, 

give the {Lq,L^) eigenvalues of ip'^ . By Conds.n]and[21all limits 

, /j. 

ha lim h^k , ha lim /i^k 

k — *C30 k — *oo 

exist. Therefore, we can define the following operators on 7i°°: 
-^0 l^oo ■= ^T-a id-H;^ , Lo\^^ ha idfi^ . 

These give rise to a coarser decomposition of than H2.1.5|l into {Lq,Lo) 
eigenspaces, 

h-he1 

In particular, as opposed to a well-defined CFT, it is not guaranteed that all 
are finite dimensional. Indeed, the H?°-r will be infinite dimensional for 

h,h ' h,h 

some of the examples studied in Sects. Inland 01 In order to nevertheless allow a 
definition of modes analogously to (|A.13|) , we will therefore need 

Condition 4 

For all ael^ and aU ^ e n°° , x e 'H^ , 
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is Gnite, such that 

/362:M,Tr(v.x) 

is Gnite dimensional. 

Cond. ^ can also be derived from a version of uniform convergence on the 
which we discuss in Rem. I2.1.5IVI 

To summarize, a sequence of CFTs which obeys Conds. EEl gives rise to a 
hmit vector space 7i°° with non-degenerate biUnear form (•|-)oo = C°°{-* , J7, •) 
and an OPE-hke structure, which assigns modes to each vector in this vector 
space analogously to l|A.13|) : 



V(^eH°°, VM,7i,eM, VaeXoo, VxeW^^.TT^ ■ 

(^/..mX e V^^j:{<fi,x) s.th. We Vf,^j:(<fi,x) ■ V'* ('/'p.mX) = C°°(?A*, (p, x). 

Recall that for a well-defined CFT, the modes of specific subsectors form closed 
algebras, like the holomorphic and antiholomorphic W-algebras. However, we 
need additional conditions which ensure that this algebra structure is preserved 
in p. 1.6(1 . We first specify 

Definition 2.1.2 _ 

For a sequence (C*, /f ) of CFTs, let W' denote a sequence of finite subsets of 
kerToekerLg with T\T^e and //(W*) = , which generate subalgebras 

:= (^ipn.o, Vo,n V € spancW, n e 

of the holomorphic and antiholomorphic W-algebras. Assume that the W* are all 
of the same type, i.e. they differ only by their structure constants with respect 
to the elements of W" . Tiien the family W" D Vir^, ® Virc. is caiied the stable 
W- ALGEBRA, and the elements of W are called W-STATES. 

By definition, the Virasoro algebra is stable in every sequence of CFTs, and we 
denote _ _ 

To guarantee that 1(2.1.6(1 induces the action of a W-algebra on 7i°°, the stable 
W-algebras have to obey the following two conditions: 

Condition 5 

The fl preserve the primaries of the W*, which never become null: 

yi,j e N: // ((HO^*) C and ff (iU')^^ - {0}) r\M^ = 0. 

Condition 6 

For every holomorphic W-state w and x & , n G Z, the sequence w^^oX* 
CONVERGES WEAKLY TO WnflX as defined by 1(2.1.6(1 . that is: 

Vx,V^ e /C°°, yw,we W°°, Vn e Z : 

C^{r,w,Wn,ox) = liTnC\m*,^\<oX'), (2.1.7) 
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and analogously for antiholomorphic W-states w. 

Indeed, a sequence of CFTs with stable W-algebras which obeys Conds.H" 
El features a W-algebra action of W°° on 7i°°, generated by the modes of all W- 
states in yV°°, and with structure constants obtained as limits of the structure 
constants of the W'. The stable W-algebras W* are non-trivial by definition, 
since at least Virc- and Virc- are stable. Hence, for example 

c := 2 C°°{Q\T,L2fi) *^ 2 lim C\{fiy ,T\ L\fi') = lim a 

i — >oo i — >oo 

gives the central charge of the limiting Virasoro algebras Vir^, Virc C W°° . 
Analogously, as expected, for € '^^h^ ^ 0, we have 

h^\C°^{^\T,L^^)/\^\\ h=\C°^{^\TM^)M\ (2.1.8) 

Finally, in order to introduce a limit of the truncated OPE (|1.2.6II for all states 
that are relevant for our geometric interpretations in Sect. we will need 

Condition 7 

For all a, /3 e loo and all ip e TL'^ , x & 'Hf, let 

l{p,x) {(a^,/!) e I 3^ e /- , r{f^.,T^x) ^ o} , 

as in arrm . C n^o^ t^en \I{(p,x)\ < oo. 

We would like to point out that Cond. [7| is required to ensure the finiteness 
condition used in the definition of the truncated OPE ffl (|1.2.6I) in the limit. 
As mentioned there, this finiteness condition however seems to be very restric- 
tive and can probably be replaced by appropriate normalizability of the vectors 
J2 Vti^iX for V^i X G 'H^ . Then Cond. [7| would be dispensable. 

We are now ready to give a definition of convergence for CFTs which wc find 
natural: Any sequence of CFTs obeying Conds. H ^ 13 will carry an OPE-like 
structure on 7i°° with an action of the limiting W-algebra W°° on Ti°° which 
is compatible with the mode construction. However, so far, we have used an 
"algebraic" approach to CFTs as described at the beginning of Sect. 11.21 and in 
App. ^ This approach has the drawback that the "analytic" structure of CFT 
n-point functions, also explained in App. ^ is encoded in a rather complicated 
way. It makes some of the above conditions quite intricate, but does not ensure 
the existence of n-point functions in the limit. On the other hand, some of these 
conditions follow from convergence of four-point functions on the sphere. In fact, 
Conds. ^-Qalone turn out to be problematic in view of our aim to find geometric 
interpretations of the limit, similar to Def. ll.3.21 We have not succeeded to derive 
commutativity of the relevant algebra from them, see Prop. ITT^ Therefore, 
we formulate a notion of convergence of sequences of CFTs which poses stronger 
conditions by incorporating the "analytic" structure of CFTs: 

Definition 2.1.3 

Let (C*, fl) denote a sequence of CFTs with stable W-algebras W^, whose four- 
point functions on ¥^ converge with respect to the ff as real analytic functions 
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outside the partial diagonals, with the standard behaviour near the singularities 
(see Add. IXji . In other words, for all i G N, (p,x,ip,^^ ^ 'H'^, 

{z,z) ^ lim (//(^)|//(^)(l,l)//(x)(^,z)|//(a;)), 

exists as real analytic function of z,^ E C\{0, 1} = P^\{0, 1, oo} with expansions 
(|A.4p around the points 0, 1, oo. If the sequence moreover fulhlls Conds. 13 -[3 
then it is called fully convergent. 

As a word of caution we remark that in general, the hmits of four-point functions 
do not descend to well-defined objects on (Ti"")*^^. 

Proposition 2.1.4 

Let {C\ fl) denote a fully convergent sequence of CFTs with stable W-algebras 
W. Then this sequence obeys Conds. El 

Proof: 

We need to show that Conds. and [3 follow from the convergence of four-point 
functions on the sphere and Conds. 01-13 

Indeed, Cond.^is an immediate consequence, since for 93, Xji/) e 7i*: 

{^\^{l,l)^\z,z)\x)^ = {^Ml,l)\x)^ ^ c\r,v,x), 

and ff{n') = 

To see that Cond. |21 is satisfied, first assume that there are vectors v G 
■^a^' f £ ^bl' ^ ^ ^'^'''^ ^^^^ ^"^(z^*, x) 7^ 0, and choose a sequence 
{tp)}j of orthogonal bases of the W, ip) G W . -t , which converges weakly to an 

orthogonal basis of IC°° . Using (|A.10p , we can expand the following four-point 
function around z = as in (|A.9|I : 



{xW)Hh^)v'{^,nx')^^J2\ z'^)-»'-^'^.-»-^\ (2.1.9) 

In particular, we can choose := and obtain a contradiction to the conver- 
gence of four-point functions. By l)A.10|l . this also contradicts the existence of 
v, X as a bove w ith C°°(x*, i^) 7^ 0. 

Finally, (|ITT2)l shows that C°^(ip*,v,x) = follows for aU v G 7V°°, x e 
K.°° , and primary G IC°° . But all three-point functions on the sphere which 
involve descendants can be obtained from those involving the corresponding 
primaries by application of differential operators. Hence the convergence of four- 
point functions on the sphere together with Conds. [S] [HI ensure that this suffices 
to prove the claim. □ 

Although in the limit of a sequence of CFTs we get well-defined OPE-coefficients 
by construction, wc cannot expect convergence of all correlation functions, as e.g. 
torus partition functions. This means that the limit of a converging sequence of 
CFTs is not a CFT, in general. It may be possible to pose more restrictive con- 
ditions on the notion of convergence in order to ensure the limit to be described 
by a well-defined CFT. However, we are interested in certain degeneration phe- 
nomena, which for example occur in the large volume limits mentioned in Exs. 
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11.2.21 [T"3. 41 These limits do not have a well-defined torus partition function. So 
from our viewpoint it is not even desirable to have a CFT as limit of a con- 
verging sequence, in general. We wish to emphasize that a limit in the above 
sense severely depends on the choice of the homomorphisms // in our sequence 
(C^ ff) of CFTs. This is analogous to the ambiguity described in Ex. 11.3.^ 

Remark 2.1.5 

i. Since for tfj e H,'^^ in a convergent sequence of CFTs (]7*|X2'(1, l)^/j{z,z)\^p)i 

= C'^{{n^)* ,ip,ip)z~'^'^l~'^'\ the convergence of the {Lq,Lo) eigenvalues for 
states with non-vanishing norm follows independently from the arguments 
given after Cond. 13 

ii. The crucial step in the proof of Prop. 12.1.41 is the observation that each 
coefficient in (|2.1.9|) remains bounded in the limit. The latter is equivalent to 
the following condition: 

For Xii' & set /i* := - ft,^., Ji' h^, -h^i] (2.1.10) 
then e K,°° : pX^\ is bounded as i oo. 

Hence (|2.1.10|l implies Cond. Inland is equivalent to the convergence of four- 
point functions (x''|((/?*)'f (1, l)(^*(z, 

iii. In general, null vectors of a representation of the Virasoro algebras Vir^, Virc 
are defined to be states that descend from a lowest weight vector but vanish 
under the action of each L„, L„ with n < 0. Although our definition (|2.1.2|l 
of null vectors is different, a fully convergent sequence of CFTs has stable 
Virasoro algebras and allows us to define the action of Virc, Virc on 0.°° such 
that null vectors in this conventional sense are not present, either. 

iv. Our definition of a fully convergent sequence of CFTs with stable W-algebras 

simplifies greatly \iM°° as in H2.1.2() reduces to {0}. Then Cond.[21is void. 
Moreover, Cond. El follows from the convergence of four-point functions, since 
the limiting four-point functions are well-defined on 7i°° and the factorization 
properties ljA.9|) . ljA.17p - (|A.18|) of four-point functions remain valid in the 
limit. As in ordinary CFTs, this also implies associativity of the OPE in the 
limit, and the existence of all n-point functions on P^. 
V. It is not hard to show that Cond. 01 is equivalent to a version of uniform 
convergence of the OPE-constants: 

V(p e 7^°°, Vx e 7^^, a eloo, V/x,7ie IR,Ve > 3/ e N : 
Vz>/, V^eF^,jr(^,x) withC°°(^*,^,x)y^O: 

The above notion of full convergence turns out to be too restrictive for our 
purposes. In fact, we would like to allow for diverging conformal weights and 
other structure constants in decoupled sectors of the CFTs. This happens for 
example in the large radius limit of the free boson on the circle, where the 
winding modes get infinitely massive as i? ^ oo, see (|1.2.1Uf) . As motivated 
by Def. 11.3.21 in these cases we should restrict our considerations to the closed 
sectors with converging conformal weights: 
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Definition 2.1.6 _ 

We call a sequence {C\Jl) ofCFTsC = {W, *\ Q\ T\ t\ C^) convergent, 
if the following holds: 

For every i e N, the subspace W C W consisting of those vectors whose 
conformal weights converge under the is closed under the OPE. Moreover, 

defines a fully convergent system {H'',C^,f-) with stable W-algebras W" D 
ViTci © Virc- . The corresponding direct limit 

C°° := {n°° := {YanT-e)IN°°, i7, T, T, C°°) 

is called limit of the sequence (C\ // ) of CFTs. The stable W-algebras are 
called preserved W-algebras. 

Remark 2.1.7 

The discussion of convergence of sequences of CFTs generalizes to one-dimensio- 
nal CFT-spaces S (see Def. . Instead of the homomorphisms // we specify 
a connection (i.e. the parallel sections) on the sheaf S. Sequences can then be 
defined on local trivializations of S by parallel transport. If such a sequence 
converges in the sense of Def. 12.1.61 then the limit structures discussed above 
give rise to a boundary point of the CFT-space. 

For a general CFT-space S over with non-compact Al, equipped with 
a flat connection (e.g. obtained from deformation theory), we can then con- 
struct boundary points as limits of convergent sequences which come from one- 
dimensional CFT-subspaces as above. We will discuss such a boundary of the 
CFT-space of toroidal CFTs^" in Sect. EH 



2.2. Geometric interpretations. As mentioned above, our notion of convergence 
admits the occurrence of degeneration phenomena. One of them is the VACUUM 
DEGENERACY, i.e. the degeneration of the subspace of states with vanishing con- 
formal weights. While this subspace is one-dimensional in a well-defined CFT, 
it may become higher-dimensional, and even infinite-dimensional, in the limit 
of CFTs. In Def. 11.3.21 we have introduced preferred geometric interpre- 
tations of CFTs; in this section we will argue that limits of CFTs with an 
appropriate vacuum degeneracy can be expected to allow such geometric inter- 
pretations. Similar approaches have been proposed in M-Sl , §6] as well as |F-(tI 
IK-Sj . but with no general definitions of sequences and limits of CFTs at hand. 

In the following, let {C%^n = { W, *\ n\ T\ t\ C*)»gN denote a conver- 
gent sequence of CFTs. As in Def. ITTHl its limit is denoted C°° = (H°° := 
/C°°/7V°°, n, T, T, C°°). By Cond.Elwe can set 

goo _ joo ((7^»)Vir-) ^ j^oo^ jjoo _ y.^^ ^ (J^^^^ ^ -^oo^ ^ j^oo 

In fact, CFT-spaces of toroidal models, more generally of WZW- and coset-models (see 
II''-H.I ) or of orbifolds thereof, and discrete sequences of CFTs are the only well known ex amples 
of CFT-spaces. Although the moduU space M oi N = (4,4) SCFTs on K3 is known |A-M| . 
the corresponding CFT-space S over M has not yet been constructed. 
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Note that C M°°, since descendants cannot have vanishing dimensions. To 
every (p g ]HI°° we associate an operator on M°° by truncation of the OPE, as 
before: By Conds. ^ and [3 for x G we can copy (jl. 2.6(1 verbatim to define 
(/? IB X- Then A^{x) := <p ffl x- Let denote the algebra generated by all these 
operators: 

Vv3eH°°: A^:m°° — > 1°°, A^{x) := ^ m x; A°° := (^A^ G H 
where W e i°°: i'*{vSx) = C°° {i^* , (fi, x)- 
We first collect some properties of : 
Lemma 2.2.1 

In the limit of a sequence of CFTs, for every state (p e of vanishing conformal 
weights one has Liip = Liip = 0. Moreover, A^p preserves weights, i.e. with 

m°°- := n H°°-r, for all h,h eR we find A^ fSf-") C Wf-. In particular, 

h.h h.h' ' ^ \ h,h J h,h ' 

A°° acts on H°°. 
Proof: 

Fix Lp E . Note that L\ip'^ converges weakly to Liip by Cond.El Using this, 
we first show that in /C°° liniTi*, Liip is a null vector, i.e. Liip E N°° . Indeed, 

which by definition ((2.1.2|1 proves Lipj E N°" . Similarly, Litp E . 

Using weak convergence, Cond.|21 and PTUj) . since Lp has vanishing conformal 
weights, we find 

vv^ e X e H^^-^^: (h^ - h^)C^{r,^,x) = C°°(V/,ii^,x) = 0. 

Hence C°° {ip* , tp , x) = 7^ only if ~ h^, and similarly — h^. 

This proves the claim. □ 

By the above, the only non-trivial mode of each p E is <^o,o- This motivates 



Definition 2.2.2 

In the limit C°° of a converging sequence of CFTs we set := H^q and call 
A°° := {A^\ p E M°°) the zero mode algebra. 

To fix notations, we now choose an orthonormal basis of 11°° such that 

— ipj for all j G N and t/j^ E ?iV _i where as always ipj is a representative 

of i/'j, i-e. ipj = /r(V'j-) in We set ' 

Va,6,cGN: C'^, := C^{r,,i;,,i;,) ^ Cl ^ C',,. (2.2.1) 

Following |F-G| , we expect the zero mode algebra of a limit of CFTs to give rise 
to a spectral triple which defines a commutative geometry. In fact. 
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Lemma 2.2.3 

The zero mode algebra A°° of the Umit of a sequence of CFTs is commutative 
if and only if 

Proof: 

With respect to the orthonormal basis {"^jlj-gN chosen before (|2.2.1|) . we have 

j 

One therefore checks: 

Va, 5 e N: A^^ o A^^ = A^^ o A^^ 

S T.^LCl^^Y.^l,Ci, Vc,deN (2.2.2) 



12.2.11 



3 3 



□ 



Proposition 2.2.4 

The zero mode algebra A°° of the limit of a convergent sequence of CFTs is 
commutative. 

Proof: 

By the proof of Lemma 12.2.31 the claim is equivalent to H2.2.2|) . This equation 
follows from the relations imposed on the OPE-constants by crossing symmetry. 
Namely, for all a, b, c, d £ N, both sides of 

mrdi, imz,mih = ir^m^, iWa{z~\z'')mh z-^'^-z-^^^ (2.2.3) 

converge to real analytic functions on C — {0, 1} = — {0, l,oo} with power 
series expansions in z, J; z~^, z"^, respectively. Since by Cond.^lthe sum over 
primaries in lA.lBp does not contain contributions from null vectors, we can use 
(|A.16p - ljA.18|) to analyze the structure of H2.2.3|) : Both sides converge to formal 
power series in z, z~^, respectively, with non-negative integer exponents, only. 
Hence both sides must be constant, receiving only contributions from the leading 
terms in the conformal blocks. Then (|XT8)l shows J^j Cii,C^j = J2j '^Id'^cj 
which by H2.2.1|l is equivalent to 12.2.2|l . □ 

Remark 2.2.5 

i. Similarly to Rem. I2.1.5livl the proof of Prop. 12.2.41 simplifies considerably 
if null vectors are not present in /C°°. Then the proof of Lemma [2.2.31 shows 
Litpa=0 as an element of /C°° for all tpa S IHI°°, such that for all 4'a, ipb, V'c, tpd 

0= (Vd|V'c(l,l)il^a(z, 2)1^-6) = — (V'd|l/'c(l,l)V'a(2,z)|^h). 

oz 

In other words, all conformal blocks are constant, and crossing symmetry can 
be used directly to show Prop. 12.2.41 
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ii. Our definitions easily generalize to the case where the central charges of the 
left and right handed Virasoro algebras do not coincide. Then the situation 
greatly simplifies if all CFTs under consideration are chiral: One immediately 
identifies Aip{x), & M°° , with the normal ordered product of </? and x- 
Since H°° = /C°°/A/'°° with Af°° containing the ideal genera ted b y LiIHI°°, 
1HI°° belongs to Zhu's commutative associative algebra Zh B- NllG-Nj , which is 
known to be isomorphic to the zero-mode algebra |B-Nj . It would be desirable 
to generalize the notion of Zhu's algebra to non-chiral theories, and it would 
be interesting to know if such a notion can reproduce A°° in the limit of 
convergent sequences of CFTs. 

By Prop. 12.2.41 limits of CFTs are naturally expected to possess preferred geo- 
metric interpretations: 

Definition 2.2.6 

Let C°° denote the limit of a convergent sequence of CFTs with limiting central 
charge c and zero mode algebra A°° . Let N G N be maximal such that for all 
ipeM°° with ip = ff°{ip'), if' £ ni : 

hm t^{h, + h,) < oo, H^^ := ^. 

Then the linear extension of H°° is a self-adjoint operator H°° : M°° — > M°° . 

If there exist completions H°°, A°° of H°°, A°° such that (H°° , 7? °° , X° ) is 
a spectral triple of dimension c, then the latter is called a geometric inter- 
pretation OF C°°. 

The above definition may seem artificial, since we cannot prove a general result 
allowing to give geometric interpretations for arbitrary limits of CFTs. However, 
below we will see that there are interesting examples which do allow such ge- 
ometric interpretations, in particular a non-standard one which we present in 
Sect. 0] Moreover, from the viewpoint of non-linear sigma model constructions 
and large volume limits of their underlying geometries, Dcf. 12. 2. 51 formalizes the 
expected encoding of geometry in CFTs, see |M-S1IIF-GIIK-S) . which justifies our 
definition. 



3. Limits of conformal field theories: Simple examples 

This section consists in a collection of known examples, where we discuss limits 
of CFTs and their geometric interpretations in the language introduced in Sect. 
121 Sects, im and deal with toroidal CFTs and orbifolds thereof, respectively. 
We confirm that our techniques apply to these cases and that they yield the 
expected results. In particular, the discussion of toroidal CFTs fits our approach 
into the picture drawn in |F-GIIK-S| . 



3.1. Torus models. As a first set of examples, let us discuss bosonic toroidal 
CFTs. These are u(l)''-WZW models, whose W-algebras contain u(l)'^ ® u(l) - 
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subalgebras generated by the modes of the respective u(l)'' = M'^-valued cur- 
rents. That is, ljB.l|l generahzes to 



Holomorphic and antiholomorphic energy-momentum tensors can be obtained 
as T = ^ X]fc '■j'^j'^'-j T — ^X]fc ■J*'j'^-- Their modes give rise to holomorphic and 
antiholomorphic Virasoro algebras with central charges c = d. 

The pre-Hilbert space TCr oi a, toroidal CFT Cr decomposes into irreducible 



lowest weight representations ofu(l)'^0u(l) , which are completely characterized 
by their holomorphic and antiholomorphic u(l)'' u(l) -charges {Q;Q) E F C 



p2d. 



(Q;Q)er 



The corresponding norm-1 Iwvs \Q',Q) have conformal weights 



11 



-2 



^\Q-Q) ~ 2*3 ' ^\Q\Q) ~ 2Q ' 
and, by definition, the corresponding fields V|q.q^(z,z) (see (|A.7|l ') obey 

/M^Q;Q)(-.^) = (1^'!,) +^-eg-. (3-1.1) 

^ 

The n-point functions of the V^q.-q'^ {z, 'z) reduce to products of the respective 
holomorphic and antiholomorphic conformal blocks 

l<i<j<n 

(3.1.2) 

Recall that the right hand side gives a well-defined function for Zi, Zi € C away 
from the partial diagonals, iff all QiQj — QiQj € Z. Indeed, the charges {Q; Q) 
of Iwvs in a toroidal CFT constitute an even integral selfdual Lorentzian lattice 
r C M'^''* of signature {d,d), where the quadratic form is given by the double 
spin 2{h ~ h) of the respective state, and addition corresponds to fusion. We 
denote by the unique even integral selfdual Lorentzian lattice of signature 
(d, d) and regard F as image of an cmbcdding^^ b : U'^ ^ F G W^-"^ of 
into W^-'^. Making use of the OPE and contour integration, the rt-point 

functions of descendants can also be extracted from l|3.1.2() . This procedure only 

involves derivation and multiplication by charges Q , Q . 

For Q Q"^ denotes the standard quadratic form on W^. 

The embedding is only specified up to automorphisms of 
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To determine the OPE-constants of Iwvs from H3.1.2|l note that the overaU 
sign on the right hand side of this equation depends on the ordering of the fields 
V|g,.g^(zi, Zi). This is due to the COCYCLE factors which for d = 1 have the 
simple form ljB.6|) . To state a general formula, we first have to generalize (|B.4|) . 
Given a toroidal CFT with charge lattice l{U'^) = F C M.'^''^, one can always 
find a lattice yl C M'' of rank d and a linear map B:'R'^ — > (M'')*, such that 
with respect to appropriate coordinates on R'*''^ the following holds: Denote by 
A* C {R'^y the Z-dual of A and identify {R'^)* with R'^ by means of the standard 
scalar product on R"^. Then B is skew-symmetric and 

^= {(Q;Q) = 75(M-SA + A;Ai-SA- A) | (^i, A) G tI* x ^} . (3.1.3) 

Moreover, 

for (QC^ Q^'^) = ^ (/iC) - SAW + aW ; ^i'-'^ - BX<-'^ - A^) g T: (3.1.4) 
C (|g + Q';Q + Q'r,\Q;Q), \Q';Q')) = (-1)^^' , 

with all other OPE-constants vanishing. Note that for d = 1, Eq. H3.1.4|l simpli- 
fies to HB.4|I - (|B.5ll due to the absence of the i?-field. 

By the above, a toroidal CFT C = Cr is completely characterized by its 
charge lattice F, and thus the moduli space of these models is the Narain 

MODULI SPACE 

■^Narain = 0(d, d, Z)\0(d, d)/0(d) X 0(d) 

of even integral selfdual Lorentzian lattices in M'*''^ |C-E-N-TllNar| . 

We will discuss sequences (C :— Cr,,fi) of toroidal CFTs in A^Narain ^'^'^^ 
stable W-algebra u(l)'' ® u(l) and fixed Li : Lf^ ^ Fi such that 

Vi,j,GN, Ae[/^ P,PeC[xi,...,x^,xi,...,x^,...] : (3.1.5) 

This choice of sequence is natural from the point of view of deformation theory 
and completion of M^^^^^^, see Rem. l2.l77l Indeed, the OPE of Iwvs is constant 
under the defined in H3.1.5|) . and OPE as well as all correlation functions of 
such sequences converge if and only if the lattices Fi = Li{U'^) converge in R''^''. 
In this case, (|3 .1.511 is fully convergent in the sense of Def. 12.1.31 Furthermore 
Af°° = {0}, which implies that the limiting n-point functions have the usual fac- 
torization properties (c.f. Rem. I2.1.5liv|l . In fact, the lattices Fi converge within 
■'^Narain' such that uo degeneration phenomena occur. All rt-point functions on 
surfaces with positive genus converge as well, and the limit of such a sequence 
is again a toroidal CFT with charge lattice -Too = linii^oo Fi. 

On the other hand, A^Narain ^^^^ complete, and a sequence of lattices Fi may 
degenerate but still give a convergent sequence in the sense of Def. l2.1.()l Namely, 
given any primitive nuU-sublattice N C of rank 5 G N, one can construct 
convergent sequences such that the images Li {N-^ ) converge with Li {N) collapsing 
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to {0}, while the images of lattice points in L/'^ — N-^ diverge. In fact, we can 
split^3 

U"^ = N* ^N* (BN®M, (3.1.6) 

such that N* is nuU with N* Q) N = . Then the lattice in the hmit, 

Too := lim L^{N^) = lim i,{M), 

i — ^oo i — >oo 

is again an even integral selfdual Lorentzian lattice in R''''', however with smaller 

rank: ^ W^'^ . 

Every sequence ()3.1.5|l showing this kind of degeneration is convergent in the 

sense of Def. 12.1.51 The limiting pre-Hilbert space is a u(l)'^ © u(l) -module 

® V^W' ® V . (3.1.7) 

As before, we have A/""" — {0} and therefore the usual factorization properties of 
the limiting n-point functions on the sphere. However, the degeneration of the 
lattice results in a diverging torus partition function, and the limit only has the 
structure of a CFT on surfaces of genus with an infinitely degenerate vacuum 
sector. 

In the spirit of Rem. 12.1.71 we regard these degenerate limits as boundary 
points of the CFT-space S over 0{d,d)/0{d) x 0(d) of toroidal CFTs. The 
underlying Hausdorff space of such boundary points has a stratification 

d'^°^{0{d,d)/0{d)xO{d))= [j 0{d- 6,d- S)/0{d- S) x 0{d- 6) . 

l<S<d 

If one furthermore takes into account the possibly different speeds of degenera- 
tion, then one ends up with the compactification described in K-S , which also 
includes higher boundary strata. 

As explained in Sect. 11.21 we can extract a spectral pre-triple (H, H,A) with 
associative algebra A from every CFT. For a toroidal CFT with charge lattice 
r, 1)3.1.4(1 and a direct generalization of the discussion in Ex. 11.2.21 lead us to 
the twisted group algebra 

Ar=C,[r], e:((g;Q),(Q';Q')) ^(-1)^^', (3.1.8) 

i.e. 

\Q;Q) ffl \Q';Q') = i-iV^' \Q + Q';Q + q') 

with notations as in (|3. 1.4(1 . For any N as above, the Iwvs corresponding to 
elements in N generate a commutative subalgebra An == C[N] C Ar- Simi- 
larly to the one-dimensional case discussed in Sect. [T31 restriction to An gives 
a commutative geometry. In fact, An is isomorphic to the algebra of smooth 
functions on a (5-dimensional torus T^{n) = /"inAs, where Ag is a lattice of 
rank 5 such that i{N) C -T in l(3.1.3() is described by restricting to lattice vectors 
with (/X, A) = (Ai,0), fiE A*g C A*. 

Here, ffi denotes the direct sum, not the orthogonal direct sum. 
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The zero mode algebra associated to the degenerate vacuum sector of 
(|3.1.7|l (see Sect. 12. 2| is isomorphic to An — 'C[N], whose closure is the algebra 
of smooth functions on a topological torus T^. More precisely, each jj, G Ag 
corresponds to a function T^(n) ^ x i-^ g^tJ-i^) g c is an eigenfunction of the 
Laplacian on Ti^(^n)i equipped with the standard metric inherited from M*, with 
eigenvalue . The latter goes to zero as i ^ oo. 

Since N°° = {0}, A°° also acts on the entire limiting pre-Hilbert space 
which is a projective module of finite type over A°° and can therefore be regarded 
as the space of sections of a vector bundle over T/v = Spec(^°°). Thus, in the 
limit we find a CFT-fibration over the moduli space Tjv of ground states of the 
limit theory as described in jK-S) . In fact, with a suitable choice of coordinates 
as in (|3.1.3|l . the limiting structure of such degenerating sequences of toroidal 
CFTs can be regarded as LARGE volume limit, where T^.(^n) is the sequence 
of subtori obtaining infinite radii, while their duals collapse. It is a geometric 
interpretation in the sense of Def. 12.2.61 if is a maximal null sublattice, i.e. if 
S = d. Otherwise, it can be viewed as geometric interpretation of an appropriate 
subtheory with central charge c' = S. 

Remark 3.1.1 

As described in Ex. 11.3.41 for the case of spectral triples of circles, we can also 
use partially ordered systems to obtain limits of toroidal CFTs different from 
the ones discussed above. For instance, in the case of circle models Cr, R £ M"*" 
(see Ex. 11.2.^ App. IB)) . we can define a partially ordered system analogously to 
the construction given in Ex. 11.3.41 In the latter case, the limit spectral triple for 
functions on circles corresponds to M with a complicated topology. Similarly, the 
limit of the partially ordered system of circle theories decomposes into subsectors 
which only couple through the vacuum. 

However, as explained in R,em. []~3.5l one does not have to use the direct limit 
construction to define limits of spectral triples, and the same is true for limits of 
CFTs. Let us briefly discuss this in the case of the infinite radius limit of 

CIRCLE MODELS. 

To define a limit of the ordered set (Cfl)7jgK+ of CFTs without a given direct 
system, we have to find an appropriate Hermitean limit vector space TC°° and 
epimorphisms fa : 0.°° — > Tin, R G M"*", by hand. In fact, using notations as in 

n°° :=C,°°(R)®C[a;i,a;2,...]^2 (3^9) 

together with 

fniX^P^P) :=^y^xiV2Qrn,n)P{ar)Pia.)\Qra.n;Qrn.n) (S-l-lO) 

V R 

^ m.n 

satisfy conditions similar to those stated in Rem. 11.3.51 Since the respective 
limits exist, we can define limit correlation functions by 

{0\'Pl{zi,Zi) . . .(pn{Zn,Zn)\0) := lim (0|/i?,((pi)(zi, Zi) . . . /_R((y9„)(z„, Z„)|0)i?, , 

R^oc 

and similarly obtain limit OPE-constants. 

The notion of convergence of sequences of CFTs introduced in Defs. 12.1.31 
12.1.61 can be generalized to such a limit construction of ordered sets of CFTs. 
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Indeed, the system {Cr, fR)R^M.+ defined by (|3.1.9|l - (jH. 1.10(1 is convergent in 
this generahzed sense. Its limit is a full CFT, namely the uncompactified free 
BOSONIC THEORY with pre-Hilbert space^"' 

QGR 

and in particular does not show any degeneration phenomena. We emphasize 
that 7i°° and the fn had to be constructed by hand and are not compatible 
with CFT-deformation theory, which is our reason for preferring the direct limit 
construction of Sect. [5] 



3.2. Torus orhifolds. If a given CFT allows an appropriate action of a finite 
symmetry group^^, then one can construct a new model from these data by 
ORBIFOLDING, See e.g. |D- V- V- V] . Since from our point of view the main ideas 
are apparent already in the simplest examples of torus orbifold models, namely 
the S^/Z2-orbifold theories ^ R € M"*", that is the Z2-orbifolds of the circle 
models Cr described in Ex. IL2.2l and App.^ we will restrict our discussion to 
this family. 

On the pre-Hilbert space T-Lr of the circle theory Cr, the non-trivial element 
of Z2 acts by 

P{an)P{an)\QR\QR) ^ P{~an)P{-a„)\ - Qr; -Qj^) 

for P. Pe C[a;i,a;2, . . .]. The pre-Hilbert space of the resulting orbifold model 
Cf^ consists of the Z2-invariant part of Hr and additional twisted sectors. Each 
sector decomposes into lowest-weight representations of the generic orbifold W- 
algebra W = W{2,4) 1^(2,4) C u(l) u(T) as detailed in [Nah] : In the 
untwisted sector, there are norm-1 Iwvs -^IQr'-, Qr)^^ ~ ~ ~'5_r)^^ of 

conformal weights h — ^Qj^, h — for each Z2-equivalence class of charges 
(|B.4(I appearing in the original circle theory. An additional norm-1 Iwv \0r) of 
conformal weights h = h = 1 occurs in the basic u(l) ® u(l) representation with 
Qr = Qr — 0. Furthermore, in the twisted sector, there are four Iwvs |cr^), \tr), 
I & {0, 1}, with h — h — j^, h = h = jq, respectively. 

The OPE in the circle theories is invariant under the Z2-action, and the 
OPE in the orbifold models respects the Z2-grading on the pre-Hilbert spaces. 
Hence the correlation functions and OPE of states in the invariant sectors of the 
orbifold models coincide with the respective data in the circle theories. Corre- 
lation functions containing states in the twisted sectors have been discussed in 
fP-F-M -S D-V-V,, and the OPE between Iwvs can be extracted from them. 

Given a sequence (i?i)igN in we consider the sequence (C^^, //) of §^/Z2- 
orbifold models such that on Iwvs //(|Qi^.;Qfl^)^^) = IQa, ; Qfl^.)^^ = 

This pre-Hilbert space is a closure of defined in I3.1.9i . 

That is, the group acts as group of automorphisms on the pre-Hilbert spa ce of our th eory 
leaving the n-point functions invariant, and the level matching conditions |D-H-V-W| are 
obeyed. 
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\^R,)^ fHWRi)) = kk,)' //(kflj) = hk,)- This definition naturally extends to 
the descendants as in ()3.1.5|l . 

Then, as in the case of toroidal models, all correlation functions and the 
OPE converge with respect to the if and only if (i?i)igN converges in M+, 
linii^oo -Ri = ^oo > 0. In this case, {C^,,f^) is a fully convergent sequence 
of CFTs in the sense of Def. 12.1.31 and Af°° = {0}, implying the existence of 
correlation functions on (see Rem. I2.1.5livf) . No degeneration occurs, which 
means that correlation functions on surfaces of positive genus converge, too. 
Thus, in the limit we obtain a full CFT, namely the §^/Z2-model at radius Rcx>- 

li Ri ^ or Ri oo, our sequence of CFTs is convergent in the sense 
of Def. 12.1.61 Indeed, all correlation functions between states with convergent 
weights converge, Af°° = {0}, and in the limit we obtain a well-defined CFT 
on the sphere with degenerate vacuum sector. In the language of Sect. 13.11 for 

Ri oo we can use H3. 1.6(1 with M = {0} and N ~ |--^(to;to) | m e z|, 
N* = |-i=(n; -n) I n € Z|, and N ^ N* ii R^ ^ 0. 

By Prop. irmi we can associate a spectral pre-triple (H, H, A) to each orbifold 
model . As mentioned after ((T"T^ . here we find ^H^. By D-F-M"5l 
ID-V-V| the OPE-constants including twisted ground states are given by 

m.n 

2 (— 



C^(I4)MQ™.„;Q„J^M4)) ™=™C«((|Q™,„;Q™.,/^)M4>,kk)) 



2^" 



(3.2.1) 



with notations as in 1(1.2.9(1 . Hence the Iw {c^r, o-pi) used in 1(1.2.6(1 are infinite. 
On the other hand, A contains a subalgebra given by the Z2-invariant part 
A' :~ C^[r]'^^ of the respective algebra of the underlying circle theory, c.f. 
((3.1.8(1 . \Oft,) acts on A' as a second order differential operator, and A is an A'- 
module. Thus, A can be regarded as the space of sections of a sheaf over the non- 
commutative space associated to the restricted spectral pre-triple {M.' , H' , A'). 

If Ri — > oo, the zero mode algebra A°° = C[Z]^^ is generated by the Iwvs rep- 
resented by I ; Y"^ , m e Z. It is the algebra of Z2-symmetric functions on 

the circle, i.e. the functions on §7^2- In fact, the \mf^ := /f° (l^j^; Tf]^)' 
are characterized by the recursion relation 



1)S = |m)*^ffl|l)S - |m-l 



oo 7 



which agrees with the recursion relation for the (rescaled) Chebyshev poly- 
nomials OF THE FIRST KIND, See e.g. |He| : 

rm(cosa;) :— 2cos{mx), for m G N, x £ [0, tt]. 

Hence \m)^ should be identified with the function x t-^ Tm{cosx). This is not 
surprising, since the Iwvs \m)^ are Z2-symmetric combinations of Iwvs in the 
underlying circle theories, which in turn correspond to exponential functions. 

Indeed, {To/\/2, Ti, T2, . . .} is an orthonormal basis of L^([0, tt], dvolg) with 
dvolg — dx/2TT, i.e. with the flat standard metric g on [0,7r] ~ §^/Z2. Hence the 
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methods of Sent. [TTI yi eld H°° = L2(§7Z2, dx/27r), A°° = C°°(§VZ2), which 
according to Def. 12. 2. 61 for the hmit gives the expected geometric interpretation 
on §^/Z2 with the flat metric g induced from the standard metric on and 
a trivial dilaton Note also that the m^^ Chebyshev polynomial Tm is an 
eigenfunction of the Laplacian ^Ag = with eigenvalue \Tn? , as expected 

from 

with ^ ^hm Rlih]^^ ^^ .Q^ ^^ + h\Q^,,;Q^ ,)) - \rn\ 

As for the toroidal CFTs discussed in Sect. 13.1 1 A°° acts on the entire pre-Hilbert 
space Ti°° which can be regarded as the space of sections of a sheaf over S^/Z2. 
Let us restrict the discussion to the states |cr')oo := )) . The action of 

A°° on them can be extracted from the OPE-coefficients i|3.2.1|) : 

9 (" — I V" ' 

It follows that the sections corresponding to jcr^) are peaked around the respec- 
tive Z2-fixed points, i.e. the endpoints of the interval [0,7r]. In the limit their 
support in fact shrinks to these points. The same holds true for all other states 
in the twisted sectors. They are sections of skyscraper sheaves over the fixed 
points of the orbifold action. As expected, in the limit the OPE of two states 
in the twisted sectors vanishes, unless the corresponding sections have common 
support. This gives a nice geometric interpretation of the twisted sectors. 

4. The m oo, c — > 1 limit of the unitary Virasoro minimal models 

A4{m, TO + 1) 

The present section contains the main results of this work: In Sect. BTI we show 
that the techniques introduced in Sect.|21for the study of limits and degeneration 
phenomena also apply to the family of diagonal unitary Virasoro minimal models 
M{m, TO -I- 1), m S N — {0, 1}, which gives a fully convergent sequence of CFTs. 
In Sect. I4.2l we determine and study a geometric interpretation of its limit A^oo 
as TO — > oo, and we discuss the inherent D-brane geometry. 

4-.1. The unitary Virasoro minimal models M{m, m+ l)m^oo- Both outset and 
favorite example for our investigation are the unitary Virasoro minimal models 
Mm := M{m, m + 1), to e N - {0, 1} |B-P-Zj . which correspond to the {A, A) 
(left-right symmetric) modular invariant partition functions in the CIZ classifica- 
tion C-I-Z2 C-TZ l . In this section, we explain how a fully convergent sequence 

(C™, /4) with = Mm for to e N — {0, 1} can be defined according to Def. 
Eia To our knowledge, such a construction was first alluded to in |D-F1I §6 
and App. B] as well as in M-Sl, §6]. Our approach also allows us to determine 
a geometric interpretation of the limit of this sequence as to — > oo, according to 
Def. ETHl 
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Let US start by recalling some of the main properties of the CFT Mm- Since 
this model is diagonal, we can restrict our discussion to the action of the holomor- 
phic Virasoro algebra. The pre-Hilbert space of Aim decomposes into a finite 
sum of irreducible representations of the Virasoro algebra Virc^ with central 
charge 

= T. (4.1.1) 

171(171 + Ij 

These irreducible representations are labeled by Afm = {{r, s)\r, s G N, 1 < r < 
TO, 1 < s < m + l}/~ with (r, s) ~ (to — r, to + 1 — s), i.e. r + s ~ 2to + 1 — r — s, 
such that by choosing appropriate representatives we can write 

7V„ = {(r, s)|l < r < TO, 1 < s < TO + 1, r + s < 2m + 1 ~ r ~ s} . (4.1.2) 

Each irreducible Virasoro module V™^^, (r, s) G Afm, has an Iwv \r,s)m of con- 
formal dimension 

_ (r(TO + 1) - sto)2 - 1 m^oc- {r - s)2 - - 1 

^"^'"^ Am{m + 1) 4 4to 4™^ 

(4.1.3) 

We choose the |r, s),„ to be orthonormal. 

The n-point functions for Aim are discussed in jD-Fl| . in particular all OPE- 
coefScients C™ are determined in D-F1,D-^], see Add. lUl The calculations 
make use of the Feigin-Fuks integral representation |F-F| of n-point functions, 
assuming that Aim has a Coulomb-gas representation. That the latter is indeed 
true is shown in |Felj . 

To construct a sequence of CFTs according to Def . 12.1.11 we note that there 
are well-defined embeddings^^ 

Mm. ^ Afm+1 , {r, s) I — > (r, s) . 

We will extend these embeddings to vector space homomorphisms fm'^^ between 
the corresponding irreducible Virasoro modules. To meet Cond. Elof Sect. 12. ll 
we must map Iwvs to Iwvs: 

Kr,.) V(7+i (4.1.4) 
PiL^)\r,s)m^P{L^+')\r,s)m+i, 

similarly to (|3.1.5|l . Here, P, P are elements of the same degree in the weighted 
polynomial ring C[a;i,a;2, . . .] with dega;„ = n, and we substitute x„ = or 
Xn — L^^^ in lexicographical order (see Def. l4.1.Hl . 

To construct consistent maps of type H4.1.4|l . recall from jB-P-Z| that the 
characteristic feature of the representation V™ ^-^ is the fact that the Verma mod- 
ule built by the action of the Virasoro algebra Virc,„ on |r, s)m with character 
gi-c,„/24^gen ^ ^gen (jB.7|l Contains a proper non-trivial submodule 

of SINGULAR VECTORS, that is of Iwvs of Virc„ at positive level. The occur- 
rence of these singular vectors, which have been quotiented out to obtain V™^-), 

Our choice of embeddings is quite natural and has been used already in fZaSI in the context 
of slightly relevant perturbations of Mm- However, there are other choices, leading to different 
Umits of CFTs. 
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makes our construction slightly delicate. However, the very properties of direct 
limits allow us to solve this problem. For later convenience, we give the following 
technical 

Definition 4.1.1 

LetmeN- {0, 1} and (r, s) G 7V,„. For each N eN choose a set VJ^ ^^{N) of 
monomials with weighted degree N, such that 

{p{U:)\r,sU I P e ^(';%) NeN} (4.1.5) 

is a basis ofV^^y where for P £ V^^^0), P{x,,) = n<" w'iti a, e N and 

PiL"^) := {L^y o (i™)'^^ o • • • . 

IfB[;%) e N obeys 

V7V, A^' e N: N + N' < B^^^^ ^ ^(™.)(^) ' ^(™.)(^^') C 7'(™,)(iV + N'), 

then B™^^ e N is caJied an energy bound ofV^^^^ = (^("s)(^))jveN- A system 

s) maximal energy bound among all systems giving bases H4. 1.5(1 of V™ 
is caiied a basic monomial system of weight h^^y A sequence {V™ )„> m 
of monomial systems is called special if for aii m > Af and for aii N < : 

'^(r s) (-^) ~ ^(Tt)^(^)' '^tiere B™ are the respective energy bounds, and almost 
aiiT'™^^ are basic. 

Note that the relations which arise from the existence of singular vectors in the 
Verma module over |r, up to a global pre-factor (m(m + 1))~^ with K ^N, 
are linear with respect to all monomials P{L™) of a given weighted degree N, 
with coefficients ap S R[m] of degree at most 2A^. Moreover, as follows from the 
explicit character formula l)(].l(l . the singular vectors which under the action of 
Virc,„ generate the submodules of singular vectors have weights -s+m+i) 
and ft.™ -s+2(m+i))' i-*'- levels rs and (m — r)(m+l — s), respectively. We conclude 
that for fixed r, s e N — {0}, the energy bound of basic monomial systems "^(^8) 
of weights /i™ is monotonic increasing in m. Moreover, 

Lemma 4.1.2 

For every pair r, s € N — {0} with (r, s) € Mm (M minimal), we can choose a 
special sequence ('P™s))m>M of monomial systems according to Def I4.1.I1 and 
the respective energy bounds approach infinity as m — )■ oo. 

In the following, {PJ^ g^)m>M will always denote a fixed special sequence of 
monomial systems of weights ft™^) as in Lemma [4. 1.21 Note that we can depict 
these monomial systems in terms of a convex polyhedron, as is customary in 
toric geometry. We then define 

VN e N, VP e Vj;:^,^{N) : [P{L^)\r,sU P{L^+^)\r, sU+^. 

(4.1.6) 

Finally, we linearly extend the /™^^ to vector space homomorphisms 

f™ — id,,™ • f™+l • V™ ^ V^+l- P — o-.-nf^+l- V™ ^ V-' 
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Then by construction, 
Lemma 4.1.3 

The sequence {Mm, fl^) is a sequence of CFTs with stable Virasoro algebra ac- 
cording to Defs. EXn and l?T^ 

In the following, we show that the sequence {Aim, fli) is fully convergent accord- 
ing to Def. 12.1.31 Although above we have made a lot of choices, we will argue 
that our limit is independent of all choices, including the use of monomials and 
lexicographical order for their interpretation. 
First note that by (|4.1.1|l and Ijl. 1.3(1 . 



"^"^ C = 1, /J^,,) ^-=5° h^r^.j = (4.1.7) 

i.e. all structure constants of the stable Virasoro algebras Virc^ converge. More- 
over, setting 

^It'Sus^s) ■■=C"^{{\p\p)mr,\n',n)m,W,s)m) (4.1.8) 

with respect to orthonormal \r,s)m as in |D-F3j . our calculations l|('.3|l - (((L8p 
imply 

{n ,n)(s ,s) (n ,n)(s .s}^ ' 

with A'}^ f\, , s e M, and ;^\, , > > for non- vanishing aI^.'^'w , ^ by Lemma 

IC.ll Hence each OPE-constant ci'^i'^l , , > converges to a finite limit as m — > oo. 
In fact, the properties of basic monomial systems and H4.1.6|l directly imply 

Lemma 4.1.4 

For the sequence {MmJL), Conds. [Tl andOl -ISl of Sect. lO JioJd. 
To meet Def. 12.1.31 we need the more general 
Lemma 4.1.5 

For the sequence {M.m, fm), 9,11 n-point functions on converge with respect 
to the as real analytic functions away from the partial diagonals, with the 
standard behaviour near the singularities (see App. ^ . 

Proof- 
By Lemma 14.1.41 all structure constants of the Virasoro algebra converge as 
TO — > oo. It will therefore suffice to prove convergence of those n-point functions 
which only contain primaries \r, s)m, since all others can be obtained from them 
by application of differential operators with coefficients depending polynomially 
on the structure constants of the Virasoro algebra. Let ¥^^-^{2,1) denote the 
field which creates \r,s)m as in HA.7() . By jD-lTIID-l'3| . an n-point function 

(0|^(™,,^)(zi;zi)...F(™,,„)(z„;z„)|0)™ 

on is a bilinear combination of a finite (TO-independent) number of specific 
conformal blocks (see (ILLlOfl l with coefficients given by OPE-constants. Since 
by Lemma ll. 1.41 all OPE-constants converge as to ^ 00, it remains to prove that 
the conformal blocks converge. To this end we use their Feigin-Fuks integral rep- 
resentations for Mm- In particular, we employ the Coulomb-gas formalism, i.e. 
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a BRST construction of the V™^^ (see |Fel| V which is adequate since the OPE- 

constants in A4m have been calculated by this technique in the first place jD-F2| . 
In fact, the correction |Fe2j to |Feli (3.14)] ensures that the BRST charges re- 
main well-defined operators as m — > oo, yielding the Coulomb-gas description 
valid in our limit. 

Recall (see, e.g., |FelllA-G-S-Gj ) that in the Coulomb-gas formalism the s) 
are obtained by a BRST construction from charged Fock spaces, built by the 
action of the Heisenberg algebra on |r, s)m. In particular, primary fields of Mm 
are given by BRST invariant operators with screening charges, such that U{1) 
representation theory can be used to calculate the n-point functions. That is, in 
an n-point function the field V^™s)(-2,^) can be represented in terms of products 
of holomorphic screened vertex OPERATORS 



^{rs) (•^) J ' J '^^^ J J ^"-^ (4.1.9) 

Va^^_^^ (z)F,™ (Ui) • • • Va^rr, {u,)V^^ (Vi)--- V^^ (v,) 

and their antiholomorphic counter-parts. Here, each Va denotes the holomorphic 
part of a vertex operator of charge a as in Sect. 13. ll V^q.q^{z,J) = Vq{z)Vq{'z), 
and 

±1/2 



a"^ = ± 



(t^TTt) ' a'(;,):=i((l-rX + (!-.)«!"). 
Each conformal block is proportional to some 



dui---j> duN (b dvi ■ ■ ■ (h dwA/(0|Va™(zi)---V;^™(z„)F_2a^"(oo) (4.1.10) 

d ^Cn ^ Si ^ Sm 

Va"^ (Ul) • • • Va^ {uN)Va^ (^l) ' ' ' V^™ (um) |0)pi 

with a™ := a™, ^ y Here, M and N are determined by the r^, s^, only, such 
that the explicit numbers of screening charges which have to be introduced is 
independent of m. The choice of integration contours C^, Si C P^\{zi, . . . , z„} in 
(|4.1.10|) determines the specific conformal block and is independent of m. This 
yields the description of conformal blocks by representations with screened vertex 
operators valid in our limit. By |U-F1IID-F3 | the contours can be chosen in such 
a way that the minimal distance between them as well as the minimal distance 
between the contours and the Zi is bounded away from zero by a constant. Since 
the integrand of (|4.1.1U|I is the well-known rt-point function of vertex operators 
for the free bosonic theory, see (|3.1.2|l . it therefore converges uniformly on the 
integration domain implying that limit and integration can be interchanged. 
Hence the integral of the limit function is well-defined because the integration 
domain is compact and does not hit singularities of the integrand. □ 

Combining the above results, we find 

Proposition 4.1.6 

The sequence {Mrm fm) unitary Virasoro minimal models converges fully to 
a limit Aioo according to Del. 12.1.!^ 

Proof- 
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In view of Lemmas 14 . 1 . 41 and 14 . 1 . ItI and by Def. I2.1.!^ it only remains to be shown 
that Cond.Clof Sect. lO holds. We set 

Vr,seN-{0}: |r, s)^ := /-(|r, 

By (|4.1.7|l we have 

=^S?o =spanc{k,r)oo |rGN-{0}}. (4.1.11) 

Then by Lemma EHU for all r, s', s G N - {0} a.ndh = h^ {s'~ s) 74, the OPE- 
constant C°° {ip* , |r, r)oo, |s', s)oo) must vanish for every primary -0 S 0,°° with 
■0 ^ IHt^TTT' '^^is is directly confirmed by Lemma FCll Moreover, (|C.2|I implies that 
C™ {{\p',p)m)* , |r,r)„i, \s\s)m) vanishes for all m unless \r - s(')| + 1 < p''' < 
min{r + s''-* — 1, 2to — 1 — r — s*^'^} and p^'-* + r + s''' = 1(2). This restricts p and 
p' to a finite number of possibilities as m — > cx), implying Cond. Qof Sect. 12.11 
In fact, a straightforward calculation using ljC.4|l - (|C.8|l shows 

^(r.VK.,.) = l for|r-s| + l<p<r + s-l, p + r + s =1(2). 
Therefore, 

r+s— 1 

Vr,s eN-{0}: |r, r)o, ffl |s, s)oo = b'P)-- (4-1-12) 

p=|r— + 
p+r+s=l(2) 

□ 

Note that although we have made many choices in our construction above, the 
actual structure of the limit Moo is independent of those choices. This is largely 
due to the fact that Conds.n~[3of Sect.lO are rather restrictive. For example, 
recall the two basic singular vectors of levels rs and (m — r){m + 1 — s) in the 
Verma module built on the primary |r, s)^- The latter state does not play a role 
in the limit, since its level becomes infinite as m — > oo. In the language of our ba- 
sic monomial systems of Def. 1^.1. H it always lies above the energy bound. On the 
other hand, the singular vector at level rs has dimension \{r + s)^ and implies 
that there also is a polynomial Prs of degree rs such that Prs{Ln)\r^ s)oo = 0. 
Since up to normalization, P^s is uniquely determined by r, s, and by the struc- 
ture constants of Virc=i, the dependence on the choice of the basic monomial 
system {V"^ ^•^{N))Ne¥i drops out in the limit. 

Remark 4.1.7 

In contrast to the examples discussed in Sect. O for the limit of {Aim, fii) 
obtain additional null vectors, i.e. N"^ ^ {0}. This is due to the fact that the 
conformal weights of Iwvs |r, s)m converge to (r — s)^/4, while the central charge 
converges to 1 (see H4. 1.7(1 ^. By the above discussion of singular vectors, the 
characters of the limit Virasoro modules before quotienting out the null vectors 
are given by 

7y(q) V / 

But at c = 1 there are null vectors IjB.Sfl in the Fock spaces built on Iwvs 
with conformal weight /i, € N, and the limit characters decompose into 
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characters (IB.9II of irreducible representations of the Virasoro algebra of central 
charge c—1, 

min{r.s} — 1 



k=0 



Those submodules of JC°° , where Kf^ /M°° = 7i°° as in (|2.1.3|l . which correspond 
to Iwvs at positive levels consist of limit-null vectors, whose norms converge to 
zero for m oo. For instance, the norm of /^(L™|r, r)m), r > 1, is given by 
the limit of 



I L^l r, r) ™ 1 2 = C™ ( (Lri r, r) ,^ ) * , I?" , ^) ™ ) = 



r-2 _ 1 

m — *C30 ' -L 



2m? 

(4.1.13) 

Thus this vector and all its descendants are elements of N°° . 

As alluded to in Rem. l2.1.5livl the quotienting out by additional null vectors 
in H2. 1.3(1 spoils the factorization properties of the limit-correlation functions on 
P^. However, as pointed out in |Ct-R,-WI Sect. 3.1.1] it is possible to modify the 
definition of the in such a way that N°° — {0}. This is achieved by SCALING 
UP THE ADDITIONAL NULL VECTORS. For example, we can set 

j^^[LT\r,TU) := 'f;"!"'"!";' /4(^ri^^)^)- 

1^1 r 7 T)j\ 

Indeed, homomorphisms can be constructed in such a way that {Mm, f^n) 
is a sequence of CFTs with stable Virasoro algebras according to Defs. 12.1.11 
12.1.21 which does not lead to additional null vectors as m ^ oo. However, the 
modification l—^ could destroy the convergence of correlation functions. 
That this is not the case, and that in fact the sequence {Mm, f^) of CFTs 
is fully convergent follows from the Coulomb-gas formalism. In the proof of 
Lemma 14.1.51 we have already pointed out that the expressions obtained from 
the Coulomb-gas formalism remain well-defined as m — > oo. Recall that the Fock 
space representation of elements of V™^^ in the Coulomb-gas representation is 
formally obtained from an action of the positive modes of the Heisenberg algebra 
on |r, s)m- Hence singular vectors with respect to the action of Virc„ on |r, s)m 
are automatically zero, see Ex. 14.1.81 for an illustration. Namely, each singular 
vector 1^ g JC°° is of the form v = fm{v"^) with = Q™'\r,s)m, where is 
an operator on 7i™ which can formally be written as polynomial in the positive 
modes of the Heisenberg algebra, with each coefficient converging to zero as 
m ^ oo. In fact, each coefficient is a power series in with vanishing constant 

term. Therefore, our rescaling yields v — fmi^™) — Q\^, ^)oo with an operator Q 
on Ti.°° which again can formally be obtained as polynomial in the positive modes 
of the Heisenberg algebra. Hence all correlation functions involving Q\r,s)oo also 
converge. 

This way, we can obtain a limit of the A-series of Virasoro minimal models 
whose correlation functions on have the usual factorization properties. As 
a model case, in Lemma [C. 21 we also show by direct calculation that no diver- 
gences are introduced in C{\p',p)l^, Li\r, r)oo, |s', s)oo) when the singular vectors 
Li\r,r)oo are scaled up. 
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Example 4.1.8 

As in Ex. 11.2.21 let C_r, , i G N, denote the CFT with central charge c = 1 that 

describes a boson compactified on a circle of radius Rt, here with Ri 1 + 
See in particular 1)1. 2. 9|) for notations. According to l|B.7p ~ (|B.9I) the Vcrma 

module built on each \Qm n'yQm n)ij n^in G ^, by the action of the Virasoro 
algebra is irreducible if (m, n) ^ (0, 0) because all our Rf are irrational. We can 
therefore define a direct system {TV" /fl) by 

V(m,n) ^ (0,0): (p(il.;l^) |gj„,„;Cn>.) ^(^1.;^!) \Qi.A,n),, 

where P denotes a polynomial in the Lfe, L-j:, k,k > 0. In the vacuum sector we 
use 

i^"(P(a^;al)|0;0),) a|) |0; 0), 

as in H3.1.5|) . where as usual a^, denote the modes of the generators j, j of 
u(l) © u(l) in Cr-. One checks that this gives a convergent sequence {W,f-) 
of CFTs, but the direct limit IC°° possesses null vectors in j\f°° , where H^^ = 
jC°°/Af°^. For example, 

,^^:={Ll-{L\)^)\Ql,;Ql,),, (4.1.14) 

where for IQl^o! <5i,o)» we have Q\^^ Q\ q = hi = hi = 

j-^oo 1^ gives a null vector = /f°(i^')- 

On the other hand, in Sect. 13. ll we have already constructed a fully convergent 
sequence {n\ //) of CFTs via 



with P as above. Now the limit is the su(2)i WZW model, i.e. a full fledged 
well-defined CFT. Note that in terms of the latter Fock space representation, v'^ 
m is given by 

„^ = i(a^^)2 (1 _ 2(a^)2) \Ql^;Ql^), = l{a\r (l - (P,)"') IQlo; QLo).- 

Hence /f°(j^*) ^ in 7i°° = K.°° . The direct system (7i% ff) yields the vectors 
(ai)2|^; ^)oo, ^2!^; ^)oo as linearly independent elements of 1 , where 

the combination (02 — \/2(ai)^) 1:^; )oo is Virasoro primary. For (7i*, /|), the 
corresponding vectors ^)oo, ^2]^', :^)oo differ by the null vector 1/ 

and are thus identified in 7i?i 1 1 . However, the above directly implies how the 

^ ^+4.4 

fi can be redefined by scaling up the additional null vectors, and then both 
limits give the same well-defined CFT. 

To approach the full limit structure obtained on the pre-Hilbert space 7i°°, 
recall that in the proof of Lemma 14.1.51 and in Rem. 14.1.71 we have argued 
that the correlation functions in Mac are adequately described in terms of 
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the Coulomb-gas formalism. A closer study of this formalism also shows that 
it should be possible to represent the operator product algebra of the limit 
within the su(2)i WZW model"'^^. Namely, as follows from performing the limit 
in H4. 1.9(1 . the operator corresponding to \r,s) oc in a given correlation function 
should be represented by a combination of the left-right symmetric u(l) vertex 
operator r^^.Q^r-a, (z, z) of the circle model C^^i and the zero modes Q± 

of the holomorphic fields J±{z) which create \Q;Q) = \ ± \/2; 0) as in ((B.10(l . 
along with their antiholomorphic counterparts. 



4-2. Geometric interpretation of M{m,m + l)m^oo- Note that by H4.1.7|) the 
limit A^oo of the sequence of unitary Virasoro minimal models has an infinite 
degeneracy of every energy level. This means that we cannot interpret A^oo as 
part of a well-defined CFT. However, the degeneration of the vacuum sector 
allows us to apply the techniques introduced in Sect. 12. 21 and to find a geometric 
interpretation of the limit. Indeed, in Prop. below we identify the algebra 
A°° obtained from H°° by (|4.1.12|l with the algebra generated by the Cheby- 
SHEV POLYNOMIALS OF THE SECOND KIND, i.e. with the algebra of continuous 
functions on an interval: 

Lemma 4.2.1 

For every r eN — {0}, let Ur denote the r^^ Chebyshev polynomial of the 

SECOND KIND; 

C/,(cosx) := xe[0,Tr]. (4.2.1) 

smx 

Then Ur{t = coscc) is a polynomial of degree r — 1 in t e [— 1, 1], and the Ur{t) 
form an orthonormal system of polynomials with respect to the scalar product 

{f,9)^:= J W}9{t)^{t}dt, u;{t) -.^ ^VT~^ . (4.2.2) 

Moreover, the Chebyshev polynomials of the second kind obey the recursion 
relation 

r+s-l 

Vr,sgN-{0},Vie [-1,1]: Ur{t)Us{t) ^ ^ Up{t) . (4.2.3) 

p=|r — s| + l, 
p+r+s=l{2) 



The proof of Lemma r4.2.1l is a straightforward calculation, see e.g. |Hel Problems 
3.1.10(a)]. Note in particular that this lemma implies 

C30 

Vt e [-1,1], Va; G [0,7r]: S^^sxit) ^'^Up>{t)Up>{cosx) ^sinx . (4.2.4) 

p'=i 

We are now in the position to give a geometric interpretation for our limit 
according to Def . 12.2.61 

^"^ This is in accord with ID-V-VI p. 655], where it is stated that the su(2)i WZW model "in 
some sense can be regarded as the limit c ^ 1 of the discrete unitary series" . 
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Proposition 4.2.2 

The limit A4oo of the sequence {M,m fii) of unitary Virasoio minimal models 
has a geometric interpretation on the interval [0, tt] equipped with the dilaton- 
corrected metric g(x) = sin^x and dilaton (p such that e^*^^-* — ^ sin^x for 

X e [0, tt]. 

Proof: 

As a first step, we need to construct a spectral pre-triple (H°", H°^,A°^) from our 
limit Moo according to Def.ESSI In fact, by Dcf.[2221 is given in l|4.1.11(l . 
and A°° is the associated zero- mode algebra specified in (|4.1.12|l . Moreover, 
(|4.1.3|l shows that on , according to Dcf. 12.2.61 we need to set 

2 ' 

^\r,r)o,. (4.2.5) 

Comparison of (|4.1.12|) with H4.2.3|) shows that A°° agrees with the algebra 
generated by the Chebyshev polynomials of the second kind. Here, similarly to 
the discussion of Chebyshev polynomials of the first kind at the end of Sect. 13.21 
we view the Ur as functions x i— > Ur{cosx) with x G [0, tt]. Therefore, A°° can be 
identified with the algebra of smooth functions on [0,7r], and (|4.2.2|l shows that 
[0, tt] is equipped with the dilaton-corrected metric g with dvolg = a/ g{x)dx = 
|- sin^a; dx as claimed. By the discussion in Sect. 11.11 it therefore remains to 
identify in 14.2.5(1 with the generalized Laplacian H as defined in p.l.6|l 
and to read off the dilaton (p. To this end we use the characterization Ijl. 1.5(1 . 
that is, for all /, /i S C°°([0, tt]) wc must have (/, 2Hh)^ = (/', h')^. Since 

{f,2Hh)^ i (/',/»% ™ rj{x)h'{x)^sm^xdx 

Jo 

W)£ (sin'xh'ix)) ^dx, 

we deduce that 2H = — sin^^x^ sin^x^, and thus g{x) = 1 and e^*^"^^ = 

^ sin^a;. With 1(4.2.1(1 one now checks that HUr{cosx) — Ur{cosx), in per- 
fect agreement with ((4.2.5() . □ 

Remark 4.2.3 

The distance functional, which is associated to the dilaton-corrected metric 
g{x) — sm^x on the interval [0, tt] determined in Prop. ^^21 is 

Va,6e[0,7r]: d(a, 6) = ^ [^(a) - with ^(r) := 2t - sin(2T). 

Here, £,{t/2) is the x-coordinate of a regular cycloid in Cartesian coordinates. 
That is, if we consider a unit wheel which roles horizontally at unit speed, then 
27r(i(0,T/2) measures the distance that the point (2,0) on the wheel travels 
horizontally within the time r. 

Remark 4.2.4 

On the level of topological manifolds, our geometric interpretation of A^oo on an 
interval could have been predicted from the discussion in |F-GI §3.3]. Namely, 



Vr e N - {0}: (h-^r.r) + ^("r)) 
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the unitary Virasoro minimal model Mm can be obtained by an su(2)-coset 
construction: 

su(2)™_2 ®su(2)i 



Mr 



su(2)„_i 



In this language, the labels r and s in |r, s)m refer to the relevant representations 
of su(2)m-2 and su(2)m_i, respectively. Loosely speaking, since only states with 
r = s enter in our zero-mode algebra, our geometric interpretation can be ex- 
pected to yield a semiclassical limit of the coset WZW model su(2),„/Bu(2)m as 
m oo. That is, by |F-GI (3.25)-(3.26)] the limit should have a geometric inter- 
pretation on the space SU(2)/Ad(SU(2)) ~ T/W with T the Cartan subgroup 
and W the Weyl group of SU(2). Indeed, with T = C/(l), W = Z2 we obtain 
T/W ~ [0,7r]. An analogous observation was already made in R-W2.- There, it 
was also pointed out that^^ the geometric interpretation of Moo on the interval 
fits nicely with an analysis of the qualitative Landau- Ginzburg description for 
the minimal models Mm |Zal| : As m ^ cx), the Landau-Ginzburg potential 
approaches a square well with walls at X = ±1, forcing the scalar field X of the 
Landau-Ginzburg theory to take values on the interval [—1, 1]. 

The sigma model metric, in principle, could a lso be obtained by a gauged 
WZW model construction as was done in |M-M-Sj in the case of su(2)fc/u(l). 



Remark 4.2.5 

Apart from the direct limit construction studied above, one can introduce other 
sensible limits for the family Mm as to — > 00, similarly to Rem. 13.1.11 In par- 
ticular, if there is a system of epimorphisms fm- 'H^" — > Ti™ such that all 
limits 

(0|(y5l(zi, Zl) . . . V3„(z„, Z„)|0) := lim (0|/m((/3l)(zi, Zl) . . . /m(<y9„)(z„, Z„)|0)m 

m — >oo 

of n-point functions exist, then 7i°° can be interpreted as pre-Hilbert space of 
a limit theory M^o- We believe that this is the structure underlying the ideas 
of |G-R-WIIR- Wlini-W2) . Indeed, there the authors find a limiting pre-Hilbert 
space of the form 

reR+-N 

where for h g JR"*" with ^ N, V^°" denotes the generic representation of the 
Virasoro algebra Virc=i with character (|B.7|) . Analogously to the situation in 
Rem. 13.1.11 no degeneration phenomena occur in this procedure, and the limit 
Moo is conjectured to be part of a well-defined non-rational CFT with central 
charge c = 1, which has an interesting resemblance to Liouville theory. Evidence 
for this conjecture is given in |R-W1| . where in particular crossing symmetry is 
proven in some model cases. 

It seems that the two limits Moo and Mao are complementary in many re- 
spects: For instance, the representation content of 7i°° is complementary to the 
one we have found in 7i°°, see H4. 1.7(1 . Moreover, while the limit M^o seems to be 
a well-defined CFT, Moo shows the degeneration phenomena discussed above, 
which allow to extract a geometric interpretation from the limit structures. 



according to J. Cardy 



44 



Daniel Roggenkamp and Katrin Wendland 



A third approach to limiting processes is taken in |Fii-Sj . There, hmits of 
WZW models at infinite level are introduced by means of inverse limits in- 
stead of direct limits. While our direct limit construction takes advantage of those 
structures which the pre-Hilbert spaces of minimal models Aim share at m ^ 
and for sufficiently low conformal dimensions, the inverse limit construction of 
jFu-Sj allows to interpret the collection of fusion rings of g— WZW models as a 
category and to identify a projective system in it. Clearly, as mentioned above, 
we cannot view the family (Alm)meN-{o,i} of minimal models as direct system 
of CFTs with the natural ordering induced by N. The same is true already on the 
level of g— WZW models; however, in |Fu-Sj a suitable non-standard partial or- 
dering is found for the latter. Whether geometric interpretations of {A4m)m^oo 
with the expected properties arise from this construction remains to be seen. 

We have not worked out the details of an application of our techniques to 
0-WZW models at infinite level. However, we expect that the results of IF-Oj 
should tie in naturally thus leading to a direct limit construction with the ex- 
pected geometric interpretation on the group manifold G. 

The results of ProD. IT!T^ and Rem. l4.2"^ implv that under the coordinate change 
t — cosx, our limit Mca has a geometric interpretation on the unit interval. By 
the ideas of IF-Ct] this also means that each unitary Virasoro minimal model 
Mrn with m ^ can be regarded as sigma model on the unit interval. We 
therefore expect to gain some insight into the shape of the D-branes in this 
bulk-geometry by considering the bulk-boundary couplings for m ^ 0. 

Recall that for each Aim we use the diagonal, that is the charge conjugation 
invariant partition function. Hence the Ishibashi states \p',p))m are labeled by 
{p',p) e Afm with A/"™ as in (|4.1.2|l . Moreover, each (r, s) e Afm labels a boundary 
condition. Its bulk-boundary coupling with respect to \p',p))m is given by 



{r,s) 



y/S{i,i){p',p) 

1 sin f^") sin (4.2.6) 

^ ' \m{m+l)J I • 



sml^'lsinf;il^ 



In order to investigate the geometry of the D-branes, we can restrict to the cou- 
plings of the bulk- fields {p',p') which by Prop . correspond to the Chebyshev 
polynomials Upi of the second kind. This means that we will focus on the bulk- 

(p' p') 

boundary couplings Bj^^ and the bulk-boundary coupling support functions 



_1 'tn — l 



£171 

p'=l 

In the above definition of /("g-j we have introduced the appropriate pre- factor 
corresponding to the rescaling in (|4.2.5I) by hand. In order to analyze /™s)(0 
for m 3> 0, we use t — cosx as before, and divide the domain of definition of x, 
the interval [0, tt], equidistantly. That is, we set 

V (r, s) e AA„ ■ ^ — ^ — 



m+1 " 



strictly speaking, after extending our constructions of Sect.[^to the boundary sector 
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Note the following useful reformulation of (|4.2.1|l for all p,r E N — {0}: 

Ur{cos(xp)) sm{xp) — sin(rxp) — sin(px,.) — Up{cos{xr)) siTi{xr), (4.2.7) 
and analogously for Xp, Xr- Using Xr ~ Xr for m 3> 0, we therefore find: 

, , 2 'v^^ rr sm{rxp>) sinjsxp.) 

\/sin(a;pO sin(a;pO 

14.2. 7i "^^"-^ 

'— ^ ^ t/r(cos(xp')) Us{cos{xp')) ^J sin(xp/) sin(xp/) 

oo 

(cos{xp/)) Us{cos{xp')) sin(a;p') 

p'=i 

r+s — 1 oo 

H f X! ^P'(^) J7p(cos(a;pO) sin(xp/) 

p=\r-s\+l, P-1 
p+r+s=l(2) 

r+s — 1 oo 

H IX! ^P'(^) ?/p'(cos(a;p)) sin(a;p) 

p=|r-s| + l, P-1 
p+r+s=l(2) 

r+s— 1 

= X! '^cos(Xp)(i) • 

P=|r-s|+l, 
p+r+s=l(2) 

We interpret this calculation in form of 
Remark 4.2.6 

For the unitary Virasoro minimal models Aim at m ^ 0, the D-branes corre- 
sponding to stable boundary states labeled by (r, 1) which are elementary in the 
sense of |R,-R-S| and the D-branes corresponding to the unstable boundary states 
(1, s) can be interpreted as being localized in the points t = cos(a;r) = cos(^) 

and t = cos(a;s) = cos (^:^^^^ on the interval [—1, 1], respectively. On the other 

hand, D-branes corresponding to the unstable boundary states (r, s) with r ^ 1, 
s 1 are supported on a union of these points. In view of Rem. 14.2.41 this is in 
accord with the general shape of D-branes in coset models |Gaw>iFr-S) . 



14.2.31 



14.2.71 



5. Discussion 

To conclude, let us address some open questions arising from our investigations. 
Of course, there are several interesting unsolved problems concerning the degen- 
erating limit Aioo of the A-series of unitary Virasoro minimal models of Sect.^J 
For example, it would be interesting to gain more insight into the representation 
of this limit within the su(2)i WZW model, as mentioned at the end of Sect. 14. ll 
In particular, there are two fusion closed subsectors in A^oo, corresponding to 
the states |r, l)oo, r G N— {0}, and |1, s)oo, s G N— {0}, respectively. We expect 
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them to have a comparatively simple description in terms of the su(2)i WZW 
model, because no additional null vectors occur in the corresponding Verma 
modules. Moreover, by acting with the zero mode algebra A°° on one of these 
subsectors, one can generate the entire limit pre-Hilbert space 7i°°. Thus an un- 
derstanding of these subsectors should also allow some insight into the geometry 
of the entire A°° module Ti,°° , for instance the fiber structure of the correspond- 
ing sheaf. Finally, one could try to extract the non-commutative geometries from 
the Virasoro minimal models at finite level which at infinite level reduce to the 
limit geometry on the interval determined in Prop. lT2.2l 

Next, a generalization of our discussion in Sect. 01 to WZW models and their 
cosets in general would be nice, e.g. to the families of unitary super- Virasoro 
minimal models. 

More generally, for all limits of degenerating sequences of CFTs, it would 
be interesting to understand the compatibility of the limit structures with the 
action of the zero mode algebra A°° . In particular, the limit OPE-constants are 
A°^' homogeneous and therefore should be induced by a corresponding fiberwise 
structure on the sheaf with 7i°° as space of sections. It is likely that the entire 
limit can be understood in terms of such fiberwise structures together with the 
A°° action. This is in accord with the results of ,K-S,. 

In fact, the zero mode algebra would be an interesting object to study in its 
own right, not least because there seems to be a relation to Zhu's algebra as 
mentioned in Sect. 11.21 

Finally, it would be natural to extend our constructions to the boundary 
sector. This could allow a more conceptual understanding of geometric interpre- 
tations of D-branes, for example in terms of the K-theory of A°° . 



A. Properties of conformal field theories 

In this Appendix, we collect some properties of CFTs that are used in the main 
text. Recall the Virasoro algebra Virc at central charge c, with generators L„, n G 

Z, 

ym,ne'E: [L„i, L„] = (n - to)L„+„ -f ^^(n^ - n)5„+„_o- (A.l) 

In a given CFT C = {H, *, SI, T, T, C), the vacuum f] e H and its dual H* £ H* 
are characterized by 

(A.2) 

The map Ti Ti* , t/; i-^ -0* of H1.2.4() can be explained by the relation between 
our OPE-coefhcients C and the n-POiNT functions 

H®'' 3ipi®---®ipn ' > {0\ipi{zi,Zi)...ipniZn,Zn)\0)s (A.3) 

of a CFT. Here, is a conformal surface, and the right hand side of ljA.3p denotes 
a real analytic function S'^\D C outside the partial diagonals D — UijDij 
with Di j := {{zi, . . . , Zn) £ | Zi — Zj}. Moreover, the right hand side of 
(|A.3|I possesses expansions around the partial diagonals Dij : 

^ ^ Clrri^l J ^1; ■ ■ ■ 5 ^i— 1) ^i— 15 5 ■ ■ ■ 5 ^ ^71) (^z (^z ) • 

(A.4) 
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Here, Rij C is countable, and only finitely many Urr are non-zero for r < 
or r < 0. Furthermore, the a^r themselves are linear combinations of (n — 1)- 
point functions with OPE-coefficients as linear factors. Finally, the right hand 
side of (jA.3p is invariant under permutation of the ipi{zi,^i). One says that the 
correlation functions constitute a representation of the OPE. 

It is a basic feature of CFTs that each state ip G H possesses an adjoint 
tl^^ £Ti such that two-point functions on the sphere S = CU {oo} = encode 
the metric on Ti.: 

Vx^eH: (^Ix)- lim (0|V/(W-i,«;-i)x(C,C)|0)pi. (A.5) 

Using conformal invariance one can determine -(/''''(z, z) as the image of *'ijj{z,'z) 
under the transformation f : z i-^ 1/ z, z 1/z. In particular, if e '^hh 
real and QUASI-primary (e.g. ip = T), then we can write 

ipHz,z) = ^iz-\z-^)z-^''z-^'^. (A.6) 
As an abbreviation, one defines in- and OUT-STATES by setting 
Vx,V'eH: (V^l lim (0|V'^(l(J-\w~i), 

■uj— »0 

Ix) lim x(C,C)|0)pi. (A.7) 

Now the OPE-coefhcients C can be recovered as 

V^,X,V'eH: C{r,'P,x) = {M^{l,l)\x) (A.8) 

Similarly, with ipx,Xx € 'H/^ , four-point functions can be brought into the 
form 

{iPa\fb{'^)Vciz,z)\ipd) := lim {0\ipl{w^^ ,w^'^)ipbil,l)Vc{z,z)(pdiC,C)\0)r^- 
They have the following expansion around z = 0: 

{(pa\ipb{l)(Pc{z,z)\<Pd) (A.9) 

j 

where denotes a suitable orthonormal basis of TL. 

Using the above characterization of , conformal invariance, and ljA.6|l , one 
finds 

if is quasi- 

V(^,X,^eH: C{r,^.x)^C{x\v\^) C(x*,*^,^). (A.IO) 

Note that the OPE-coeflicients involving only real states *Lp = (p, *x — Xi *V' = 
ip are always real. Moreover, using ljA.6|) one shows 

VneZ: 4 = L_„; VxW^eW: (i„^/')*x = V'*(i-nX)- (A.ll) 
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Since up to possible phases, n-point functions (|A.3|I are invariant under per- 
mutations of the ipi{zi,Zi), the second and third arguments in C(-,-,-) can be 
interchanged, up to a phase and contributions of descendants to the OPE. How- 
ever, the characterization Ijl. 2.5(1 of primaries together with l|A.ll|l ensures that 
every primary state is orthogonal to each descendant. Hence, 

y^,x,^eH with ^eH^^^^^,xeH,^^x,>^e^h^,x^nH^-: 

C{^*,ip,x) = {-ifx-hx+K-K-h4-+hi, cii;*,x,'P)- (A.12) 

To define modes associated to each (p E H, note that for all h, h, fi, JI, the space 
'^h+iih+ji finite dimensional by (|1.2.2|l . so we can set 

y(p en, w h,heR, yx'^'HhM- (A-13) 

V'm.TiX e s. th. VtA e W,,+^ 77+^ : V'*(<Pp,7rX) = C(V^*, x). 

li If e TLy^ -g, then ipj^ obeys ip = ip^^ j^Q. This gives 

In general, all three-point functions in a CFT can be obtained as linear combina- 
tions of three-point functions of the primaries, acted on by differential operators. 
For example, if ^ G U^^j^^, x e ^^^,71^, ^ e U^^j^^, then 

C(^*,Li(^,x) = {h^-h^-h^)C{'iP\^,x), (A.14) 

and analogously for Li. On the other hand, analogously to HA.9|I . all n-point 
functions of a CFT can be recovered from its OPE-constants. This imposes 
many consistency conditions on the latter. An important example for this is 
CROSSING SYMMETRY (|A.18p of four-point functions on the sphere. 

Before discussing crossing symmetry, let us introduce W- algebras, since we 
will use them to rewrite ((A. 9(1 in a slightly different way. Namely, for ip £ ker(Lo) 
and X S '^hh' Vt^.TzX implies (/i,/!) = (".,0) with n S Z, and similarly for 
elements of ker(Lo) with fj,,]I interchanged. The modes associated to states in 
ker(Lo), ker(io) generate a holomorphic or antiholomorphic W- algebra 
W* D Virc, W* D Vhc defined by 

W* := spanc {(pn,o | n e Z, ip £ ker(Lo)} (A. 15) 

= W: := {weW*\ [Lo, w] = nw} , 

and analogously for W* or any subalgebra W of W* © W*. We suppose that H. 
decomposes into a sum of tensor products of irreducible lowest weight represen- 
tations , of the holomorphic and antiholomorphic W-algebras, 

{a.a)^X 
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Moreover, the OPE determines the commutative associative product on the rep- 
resentation ring of W* (g) W which is known as FUSION: 



for conformal famiUes [(/3a] with G Va etc. 

We now consider an orthonormal basis {'0j}jgpj of primaries of a given CFT 
with respect to a subalgebra W of the holomorphic and antiholomorphic W- 
algebra as in (|1.2.5|l . Without loss of generality we can assume that ^V'j = i'j 

and ipj e T-ij^^ji^ for all j e N. Moreover, let {V'j'''''^}feGi<-,feGi? '^i*^ K,K C ®pW 
denote a basis of the descendants of i/ij, which is (Lq) -Lo)-tiomogeneous, with bi- 

degree of ipf'^^ given hy {hj + \k\Jij + \k\), |fc|, |i| e N for all k e K,k eK. 
For a, 6, j S N we set 

Then, there are constants \ (i^^^ ^ G M, such that 
VjeN, Vfceif, fceif : (A.16) 



Here,/3^I">=^i»> 
are given by 



:= 1. Now, for aU a, h, c, rf, j G N the CONFORMAL BLOCKS 



a b 
c d 

a b 
c d 



(A.17) 



(z) ■.^Y.^=c(^d.i>c,i^ 



Up to factors ^''j^''"^'*'' (^jhj-ha-hb^^ ^j^^ conformal blocks are (anti-)meromor- 
phic functions on C with poles at 0, 1, oo. They encode the four-point functions 
of primaries by 



a b 

c d 



(^) I 



a b 
c d 



and CROSSING SYMMETRY reads: for aU a, 6, c, d G N 



a b 
c d 



a b 
c d 



(^) 



a d 
c b 



a d 
c b 



(A.18) 
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B. c = 1 Representation theory 

In this Appendix, let C ~ {H, *, H, T, T, C) denote a unitary conformal field 
theory with c = 1. We recall some basic facts about its representation content; 
see also |Gab| . 

Since all known unitary conformal field theories at c = 1 can be constructed 
with energy momentum tensor T — and j a u(l) current (which not 

necessarily is a field of the theory) , it is convenient to use the Heisenberg algebra 

oo 

i{z)^ ^ an2;""\ where [a„, a™] = m(5„+™,o- (B.l) 



n— — oo 



Then all states in the pre-Hilbert space of every known theory C with central 
charge c = 1 are obtained from the Fock space that we construct from appropri- 
ate polynomials in the a„,n > 0, acting on an appropriate subset of all Iwvs of 
the Virasoro algebra. To build the latter it suffices to take states 

Q) , such that Lq \h, Q) — h \h, Q) , with h = 

ao\h,Q) ^Q\h,Q), (B.2) 
^i\h,Q)) = \h,-Q), 

as well as so-called twisted ground states with h = h < 1/16, which we will not 
make use of in the following, however. We will always normalize the Q) such 
that 

C {\h, QY , n, \h, Q)) ™ {h, -Q \h, Q) = 1. (B.3) 

In a consistent theory, all left and right charges (Q; Q) are contained in a charge 
lattice. Namely, for every theory C there is a fixed R e such that all (Q; Q) 
that may occur are given by 

{Q\Q)^^{mR+^-mR-^), m,n&Z. (B.4) 

In a so-called circle theory at radius i?, the pre-Hilbert space is just the 
entire Fock space built on the set of vacua \Q] Q) :— ® with all 

allowed values of {Q;Q). The 5u(2)i WZW-model is the circle theory at radius 
R = 1. All \Q;Q) are simple currents, and the leading terms in the OPE are 
given by 

c^(|Q + Q';Q + Q')MQ;Q),IQ';Q')) =(-1)^^^+^^^^'-^'^/', (B.5) 

with all other OPE-constants vanishing. Equivalently, 

\Q;Q) B\Q';Q') ^ e ({Q;Q),{Q';Q')) \Q + Q';Q + q') 



= IQ-f Q';Q + o') (B.6) 

with notations as in (|1.2.6|l . The COCYCLE factor e introduces the appropriate 
phases. 
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For central charge c = 1 , the character of a Virasoro irreducible representation 
with lowest weight vector of dimension h generically is 

But for n = 2y/h S N, the representation contains a null vector at level n + 1, 
namely |F-M-SI (8.34)] 



„.>i n iPl+---+Pl)in+l-pi Pi) ' 

— ■ 1 = 1 

PlH hPfc=n+l 

where |^) denotes the lowest weight vector of conformal weight /i = n G N. 
Hence the character reduces to 

Xi„. = ^(g"^/^-g("+^)^/^). (B.9) 

In the following, we restrict attention to the holomorphic side only. The generic 

Q 



W-algebra W of circle theories is generated by the u(l) current j. The 

are just th( 
characters 



are just the lowest weight vectors of irreducible representations Vg*-^"* of W with 



regardless of the value of Q. In particular, if V2Q = n G Z, by IjB.Qp 

oo 

= E^i(l"l+2fe)"' 
fc=0 

and the Fock space built on contains infinitely many Virasoro irreducible 

representations with lowest weig ht vectors \h, Q) , h ^ ^ + N, N ^ k{V2\Q\ + 
k), fc G N. Let 

|[n, m]) 



n m 
4 ' 72 

and let V[n,m] denote the space of states in the irreducible representation of the 
Virasoro algebra with Iwv | [n, m]) of norm 1. Note that e.g. for the circle theory 
at i? = 1 (the su(2)i WZW model) each positive eigenvalue of Lq is highly 
degenerate since this theory has an enhanced su(2)i Kac-Moody algebra the 
zero modes of whose generators commute with Lq. More precisely, 

n 

m——n,m=n{2) 

All the representations V[„ ,„] with |m| < n, m = n{2) have the same character 
Xi„2 as in (jB.9|l . Let J±{z) denote the holomorphic fields creating \Q;Q) — 
I ±72; 0) as in l|X7|) . Then we define 



Q± := J dzJ±{z), i.e. [Q+,Q-] = ^200 =: 2Jo, [Jo,Q±] = ±Qd 



(B.IO) 
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the zero modes of J±, J in the enhanced su(2)i Kac-Moody algebra of the circle 
model at radius i? = 1. Since [Ln,Q±] = for all n S Z, from (|B.10|I to- 
gether with l|B.2p it follows that \h,Q) ~ kQ^ Q ± v^) for some k G C* if 
Q ± \/2) exists. More precisely, (|B.10|I inductively shows 

qVQ- = ii^ I K«]), 

if the left hand side does not vanish. From our normalization (|B.3|I it now follows 
that 

for m, Z e N, 

I [n = m + 2/, m]) = ^ Q'_ | [n, n\) , and Q± | [n, ±n]) = 0. 
In particular, n]) = for I > n. 



C. The unitary Virasoro minimal models, their structure constants, 
and their c — > 1 limit 

The unitary diagonal Virasoro minimal model Mm A4(m, m + 1) with m € 
N — {0, 1} has central charge Cm given by l|4. 1.1(1 . Its irreducible representation 
(r, s) of the Virasoro algebra has an Iwv |r, s)m with weight H4.1.3f) . and character 



Fusion reads 



n(l - g") 



oo 



(r+(2fe-l)m,~s + m + l) _|_ (^"(r. 2 fc (m + 1 ) - s ) 



k=l 



g'l" + 2fcm,s) _ g'l",2fc(m + l) + s) 



(C.l) 



min{n'+s'— 1.2m+l— n'— s'} min{ n+s— 1,2 m— 1 — n—s} 



{n,n) {s ,s) 



e e 

p'=|n'— s'l + l, p=\n—s\ 
p'+ri'+s'=l(2) p+n+s= 

The structure constants as in l|4. 1.8(1 are given by | D-F3| 



p=\n—s\ + l, 
p+n+s=l{2) 



^{n',n){s',s) — 1^1,1 



l'-2 

n 

1=0 
1-2 

n 



r(3-a'+l+i-t/'(s'-l-i))_r(w-rt'+l + i-i/'(rt'-l-i))_r(p'-p+l+a+j;'(p'+l+z)) 

r(s'-s+2+3-i'+y(s-l-3))r(Ti'-n+2+j-r+y(n-l-3))r(p-p'+2+j-i'-»;(p+l+j)) 
r{s-s'-l-]+l'-y(s-l-]))r{n-n'-l-j+l'-y(n-l-j))r{p'-p-l-j+l'+v{p+l+])) 



(n',n)(s',s) ' 



(C.3) 
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with 

2/:=;^!' 2/'^=^' I := Us + n - p + 1) , I' := l{s' + n' - p' + 1) , 



IJ-l',1 



y> \\ \\ (i-j+yj)^ ^\ r(i-i-ij/') 11 r{i-j+jv) 

1=1 J = l 1=1 J = l 

i=l j"=l 



n u (tJ±y(l±jy\ n (i+»)) n 

•11 11 V y '■'■r(i-i-iy')r{i+v'{i+i)) 11 

1=1 7 = 1 ^ ' 1=1 1 = 1 



, . y . r(l-i-iy')rii+v'{l+i)) Ll r(l-j+yj)r{j-y{l+j)) 

2=1 J = l ^ ^ 2=1 J = l 

r(z+zy')r(l-i-y'(l+i)) "i=r^ rO-n'+l-jy)r(n'-j+y(l+i)) 
.1 1 r{l-i-iy')r(i+y'{l+i)) 1 1 r(n'-j+j/i)r(j-n'+l-!/(l+j)) • 

t=l J=l 



Note that a„/^„ and ai"© products of expressions 

r{l+N~Me] 
r{-N+Me) 



G{N, M, e) := = (-1)^ F^l + N - Me) ^^^^ 



= ((-l)Wr2(-A^ + Afe)2ill(iM£)y 



where N,M G Z and e G We also have the following expansions for 

m — > oo, to lowest order in y = y'+ 0{y'^): 

G(7V,M,e) ((-l)^M2/r2 m+slgn(jv) ^ ^. ysign(Ar)g^^^ ^) ^ 

r(Jv+Me) y^o J M.' if AT < 

riN+M'e') ~ |i if7V>0 ' 

where sign(iV) = 1 for > 0, sign(iV) — —1 for N < 0. Hence we obtain the 
lowest order expansions 

i=l j=l, i=l j=l 

=■• 2/1'-''!^',;, (C.4) 

y — ^0 min{n',n} 
~ max{n',n} ' 

where 

^S'';n)(«» •= ^-2)+A:(n'-n, r-2, l-2)+k{p-p', l'-2, 1-2), (C.5) 

fc(a;, a, 6) := d{x, a) + d{—x, b) — 2g{x, a, b), 
d{x, a) := niax{min{a + 1, a + 1 — 2x}, — (a + 1)} 
= i (-X - |a;| + |2a + 2 - a; - , 

g{x, a, b) := (min{a - f,fe+f}-ifi + l)6)(a - x)e{b + x) 

= +a + b + 2-\a-b- x\)e{a - x)0{b + x), 
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fc(x, a,b) = \a — b — x\ — \x\ for a,b> —1. (C.6) 



Moreover, 



i=0 

1-2 

e{p'-p + I, -p'- 1 - «)} n {^(•'^'- s + l+j-l',-s + l+ j) 

3=0 

e{n'- 71 + 1+ j - l',~n+l+j)e{p-p'+ l+j- l',p+l+j)} 



Thus in the limit m — > cxd we have 

d^';^,, , (C.7) 

{n',n){s%s) {n',n){s\s)^ V / 



with 

1 /9 

j^ip'^P) _ ra\n{n\n} rau\{s' ,s} Yaa.-K{p ,p} \ ~ ^ 

{n'.n){s',s) \ max{n',n} maxjs'.s} miiijp'.p} y P'^',^ (n',n)(s',s) ' 

-E^K'^l ' ^ = 1^ - ^'1 + ^^'"1 ' ^ ■ (C.8) 

Note that ^[^/^■'jj-j/s-) never vanishes in the allowed regime p'+n'+s'= p+n + s = 
1(2), - s(')| < p(') < n^'l + sW. These constants obey 



Lemma C.l 

Given {p',p),{n',n),{s',s) such that A^J^!^(,,,^ + 0, we iiave > 0. 

More precisely, with v := n' — n, a s'— s, tt :^ p' — p, 



Ejp';% , , = ^ |7r| e 



min{|(T + 1^1, |cr — v\}, max{|cr + |cr — 



Proof: 

Since I' - I = ^{cr + ly - tt), from (IHSl), we find 

= ik + i^-^| + ^|-'T + i/-7r| + i|a-i.-7r| + i|^ + i. + 7r| 

= max{|(T + |7r|} + max{|(T — |7r|} — |(t| — — |7r|. 

Therefore, 

f 2max{|(7Uj.|}-|^|-|z.|-K| > 0, 

if |7r| < min{|cr + |cr — 
max{|cr + i^l, |(T — z/|} — \a\ — \iy\ — 0, 

if |7r| e [min{|(T + t^l, |(T — 

max{|cr + |cr — , 

\7r\~\a\~\iy\ > 0, 

if |7r| > max{|cr + J^l, |cr — 

which proves the lemma. □ 
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In Rem. 1^1. 71 we explain how additional null vectors in the limit Moo of unitary 
Virasoro minimal models can be scaled up without introducing divergences in 
three-point functions. In fact, Lemma IC.ll can be used in order to extend the 
example of scaling up null vectors given in jG-R-WI Sect. 3.1.1] by a direct 
calculation: 

Lemma C.2 

All vectors Li\r,r)ao, r > 1, can be scaled up to non-vanishing norm without 
introducing divergences in the OPE-constants C{\p',p)'^, Li\r, r)oo, \s', s)oo)- 

Proof: 

By ()4.1.13() . a normalization of Li\r,r)oc to non- vanishing but finite norm is 
given by 



i.e. we set 



Jm\ r.r,l/ ' r.r, 1" 



Note that for finite m, (|C.2|I shows that C'|^^'^|^, ^-j is only non- vanishing if ^{r + 
s^'^ — 1— g {0, . . . , min{r, s^'^} — 1}, hence we restrict to suchp, p'. By (|A.14|I 



r) {s',s) 



Therefore, if -E'[rr)(s's) — ^^'^ assertion follows directly from the convergence 
of each term in the latter expression. 

On the other hand, for p'^p in the range given above, by Lemma lC.ll we have 

-^(r r)(s's) = iff \p' — p\ — \s' ~ s\. Hcncc in this case 



(r,r)(s',s) 

remains finite, too. □ 
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